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Introdution
Dans ette thèse, nous étudions la dynamique du ot géodésique de Teihmüller. L'origine
de ette question provient de l'étude d'une lasse très importante de systèmes dynamiques :
elle des éhanges d'intervalles. Dans des travaux lassiques, Masur et Veeh en 1982 relient
la dynamique de es éhanges d'intervalles ave elle du ot géodésique de Teihmüller sur
l'espae des modules des ourbes omplexes. L'espae des phases de e ot peut être vu
omme l'espae des modules des diérentielles quadratiques sur une surfae. Ces espaes
sont naturellement stratiés par le type des singularitées des formes et ette stratiation
est préservée par l'ation de e ot. Des résultats lassiques arment que es strates sont
des orbifolds omplexes et sont non-vides et non-onnexes en général.
La motivation du travail développé dans ette thèse est donnée par le résultat fon-
damental, démontré indépendamment par Masur et par Veeh (1982), qui arme que le
ot géodésique de Teihmüller agit de façon ergodique sur haque omposante onnexe de
haque strate, par rapport à la mesure orbifoldique, qui est de masse nie.
Cette question de lassiation peut-être vue omme une question de dynamique ou de
topologie. En aord ave les travaux de Rauzy (1979), e problème peut aussi être abordé
d'un point de vue purement ombinatoire à travers les lasses de Rauzy.
Kontsevih et Zorih ont déris les omposantes onnexes d'une partie de es strates ; les
strates de l'espae des modules des diérentielles Abéliennes H
g
. Nous donnons dans ette
thèse la desription omplète des omposantes onnexes des strates de l'espae omplé-
mentaire Q
g
. En partiulier, nous utilisont alternativement les trois points de vue.
Par ailleurs, la struture spin est un des invariants dont se servent Kontsevih et Zorih
pour lassier les omposantes. Ii nous donnons une formule expliite pour le alul
de ette struture spin (d'une diérentielle quadratique dans notre ontexte) en terme
uniquement des singularités de la strate. Cei ontredit une onjeture de Kontsevih
Zorih sur la lassiation des omposantes onnexes non-hyperelliptiques de Q
g
par ette
struture spin. En utilisant ette formule, nous donnons une appliation dans le ontexte
des billards dans un polygne rationnel.
Préliminaires
Une diérentielle quadratique sur une surfae de Riemann S est le arré d'une setion
du faiseau des germes de 1 formes holomorphes. Si U est un ouvert de S et z une
oordonnée loale sur U , alors toute 1 forme ! 2 

S
(U) peut s'érire omme ! = f(z)dz
pour f une fontion analytique sur U ; similairement, toute diérentielle quadratique peut
s'érire omme f(z)dz
2
= f(z)(dz)
2
. Pour eux qui ne veulent pas utiliser la struture
5
6de faiseau, e qui sera le as ii, nous pouvons voir une diérentielle quadratique  sur
S omme n'importe quel atlas f(U
i
; z
i
)g ave une olletion d'expressions f
i
(z
i
)dz
2
i
, où le
terme diérentielle signie omment les fontions de transitions f
i
et f
j
sont reliées sur
U
i
\ U
j
:
f
j
(z
j
)
 
dz
j
dz
i
!
2
=  (z
i
)
Nous aurons besoin de onsidérer des diérentielles quadratiques méromorphes à ples sim-
ples. Si S est une surfae de Riemann et P  S est un ensemble disret, nous onsidèrerons
des diérentielles quadratiques, holomorphes sur SnP , et ayant des ples simples en tout
point de P . Si S est ompate alors P est ni et on peut voir que
R
S
j j <1, ar
Z
D
1
jzj
dxdy = 2 <1 où D est le disque unité jzj = 1
(ii la métrique
R
S
j j <1 est loalement dénie par jf
i
(z)jdxdy).
Le quotient de deux diérentielles quadratiques est une fontion méromorphe sur S
qui doit avoir autant de zéros et de ples, omptés ave multipliité. Il s'ensuit que toute
diérentielle quadratique non nulle doit avoir le même nombre de zéros et de ples, qui
doit être le double du nombre de zéros d'une 1 forme holomorphe. Comme une 1 forme
s'annule exatement 2g   2 fois sur une surfae de genre g, une diérentielle quadratique
possède exatement 4g   4 zéros et ples, omptés ave multipliité.
Dans la suite, on utilisera souvent la géométrie de telles diérentielles quadratiques.
En partiulier la donnée d'une telle diérentielle induit un feuilletage partiulier sur la
surfae : un feuilletage mesuré. Nous pouvons dérire ela de la manière suivante.
Pour tout point p 2 SnP tel que  (p) 6= 0 i.e. pour tout point régulier de  , il existe
une oordonnée loale z sur un voisinage Ude p dans lequel  = dz
2
. On peut voir ela
omme suit : soit U une oordonnée loale telle que  = f(w)dw
2
; quitte à réduire U ,
on peut supposer qu'il existe une raine arrée analytique de f(w) dans U (ar f(0) 6= 0).
Maintenant posons
z(y) =
Z
y
p
(f(w))
1=2
dw
Cette appliation satisfait lairement aux onditions.
Nous appellerons de telles oordonnées des oordonnées naturelles pour  . Il est lair
que es oordonnées sont uniques (à translation et au signe près). Ainsi, en dehors des
singularités de  , S a loalement la struture d'une pièe de papier, en fait un papier
linéaire, puisque la diretion horizontale ne dépend pas du hoix des oordonnées naturelles.
Remarquons qu'il n'y a pas de diretion donnée sur les droites horizontales. On peut
failement voir qu'il est possible d'orienter le feuilletage horizontal si et seulement si la
diérentielle quadratique  est globalement le arré d'une 1 forme holomorphe !. Nous
emploierons aussi le terme diérentielle abélienne pour désigner !.
Ainsi la surfae de Riemann hérite d'une métrique Eulidienne. Le Théorème de
GaussBonnet arme que la seule surfae ompate Eulidienne orientable est le tore.
Don il doit y avoir de la ourbure onentrée aux singularités de  , 'est-à-dire aux ples
7et aux zéros. Comme i-dessus, pour une singularité p de  , il existe une oordonnée loale
z sur un ouvert U de p pour laquelle
 = z
k
dz
2
Don la surfae S a loalement la struture d'un ne Eulidien au voisinage des singularités
de  . L'angle du ne est (k+2) où k > 0 est le degré du zéro de  (k =  1 si le zéro est
un ple). Dans un voisinage d'un point singulier, on peut trouver des oordonnées polaires
(r; ) telle que la métrique s'érive
ds
2
= dr
2
+ (rd)
2
où  est un demi-entier (2 2 N). Nous dirons que la métrique a des singularités de type
onique ave un angle de 2 (ii 2 = k+2). La ourbure  au point singulier est dénie
par la formule
 = 2   2
* * *
Ces surfaes arrivent naturellement dans l'étude des Systèmes Dynamiques. Nous don-
nons ii deux exemples fondamentaux.
Pour le premier exemple, notons par P un polygone dans R
2
. Le ot du billard est donné
par le mouvement d'un point ave les règles usuelles de réexion de l'optique géométrique
sur le bord P de P . L'orbite d'un élément pour e ot (ot géodésique) est donné par un
point x 2 P et une diretion  2 R=2Z sur le bré unitaire tangent de P . Les orbites de
e ot ne sont pas ontinues quand elles renontrent le bord de P . Nous voulons rééhir
les trajetoires par rapport aux bords. Si e
i
est un té de P et 
i
: S
1
! S
1
représente
la réexion par rapport au té e
i
(partie linéaire seulement) alors nous identions (p; v)
ave (p; 
i
(v)) pour haque p 2 e
i
.
Soit    O(2) le groupe engendré par les parties linéraires des réexions par rapport
aux tés. Nous sommes intéressés seulement par le as où   est ni ; dans e as le
polygone est dit rationnel. Une dénition équivalente est de demander, lorsque P est
simplement onnexe, que tous les angles de P soient des multiples rationnels de . Le as
des billards irrationnels est pour le moment presque omplètement ouvert. Par exemple,
pour un billard polygonal quelonque (même dans un triangle), on ne sait toujours pas s'il
existe une trajetoire périodique.
Pour un billard rationnel, il existe une onstrution lassique (voir [MaTa℄ pour un
survey agréable sur les billards rationnels) qui donne lieu à une surfae plate
~
S
2
g
de genre
g i.e. une surfae de Riemann munie d'une diérentielle abélienne. Nous rappellons ette
onstrution.
Soit P  C et   omme i-dessus. Prenons j j opies disjointes de P , haune étant
l'image de P par un élément de  . Pour haque opie P

de P et haque réexion r 2  ,
ollons haque té E

de P

au té r(E

) de r(P

). Quand le groupe   est ni, le résultat
est une surfae de Riemann
~
S
~
S =
0

G
2 
(P )
1
A
,

8où  est la relation d'équivalene dérite i-dessus. La forme dz sur haque opie (P ),
 2  , induit une 1 forme holomorphe ~! sur
~
S. Il est faile de vérier que les singularités
de ~! sont situées aux sommets des opies de P . Ainsi un billard rationnel dénit une
surfae plate
~
S ave une diérentielle quadratique holomorphe
~
 = ~!
2
. On peut failement
aluler le genre de la surfae en fontion des angles de la table de billard. Ainsi, nous
pouvons don voir l'ensemble des billards rationnels omme une sous-famille de l'ensemble
des diérentielles quadratiques. Bien sûr, ette inlusion est strite.
PSfrag replaements
0
0
1
1
2
2
3
3
Une trajetoire dans le billard dans un pentagone qui se développe sur la surfae invariante.
Ii on obtient une surfae de Veeh de genre 2.
Pour le deuxième exemple fondamental, onsidérons un intervalle I sur une surfae de
translation S, transverse au feuilletage vertial. Supposons de plus que e feuilletage soit
minimal. Alors l'appliation de premier retour de Poinaré T : I ! I est un éhange
d'intervalles i.e. une appliation bijetive ave un nombre ni de points de disontinuités,
telle que la dérivée de T est égale à +1 presque partout. De telles appliations sont om-
plètement déterminées par le nombre d'intervalles de ontinuités de T et par la permutation
qui dérit omment es intervals sont éhangés sur I.
Réiproquement, pour tout éhange d'intervalles T , on peut onstruire une diéren-
tielle abélienne ! sur une surfae S et un intervalle horizontal I sur ette surfae S tel
que l'appliation de premier retour du ot vertial induit par ! sur I donne préisément
l'appliation initiale T . Remarquons que la minimalité du ot implique ii que la permu-
tation sous-jaente soit irrédutible. Nous présentons en Appendie une onstrution due
à Masur (voir [Ma1℄) pour obtenir une telle surfae à partir d'un éhange d'intervalles.
Il existe aussi une onstrution lassique due à Veeh (voir [V1℄) onnue sous le nom de
Zippered Retangles.
* * *
Nous avons vu que les surfaes ave une struture de droites parallèles et les surfaes
munies d'une diérentielle quadratique (ave au plus des ples simples) dénissent les
mêmes objets. Nous allons donner une desription supplémentaire de es strutures via la
9théorie des feuilletages mesurés, introduite par Thurston (voir [FaLaPo℄ et [Th℄).
Un feuilletage mesuré (F ; ) est un feuilletage F ave une mesure de probabilité 
invariante et transverse. C'est à dire une mesure dénie sur l'ensemble des ars transverses
au feuilletage F et qui est invariante. Une telle mesure est dite invariante si pour deux
ars  et , qui sont homotopes ave extrémités xes dans deux feuilles de F , nous avons
() = ()
Il est lair qu'une diérentielle quadratique induit une paire de feuilletages mesurés
transverses : le feuilletage vertial et le feuilletage horizontal. En fait, nous avons la
réiproque : étant donné deux feuilletages mesurés transverses, disons F
1
et F
2
, on peut
toujours onstruire une diérentielle quadratique  qui les réalise : le feuilletage horizontal
de  (respetivement vertial) est F
1
(respetivement F
2
).
Si nous avons seulement un unique feuilletage mesuré, nous devons avoir quelques
propriétés supplémentaires pour l'existene d'une diérentielle quadratique qui le réalise
omme feuilletage horizontal. En partiulier il existe des ontres exemples à l'existene
d'une diérentielle quadratique qui réalise un feuilletage mesuré omme feuilletage hori-
zontal (voir [HuMa℄, voir aussi en Appendie).
Nous avons le ritère suivant qui est le dual d'un Théorème de Hubbard et Masur
(voir [HuMa℄, voir aussi [Cala℄ et [KoZo℄)
Théorème. Un feuilletage mesuré orientable sur une surfae de Riemann est le feuilletage
horizontal d'une diérentielle abélienne dans une struture omplexe si et seulement si tout
yle obtenu omme une union de lien de selles et de séparatries dans la diretion positive
n'est pas homologue à zéro.
* * *
Notons par (k
1
; : : : ; k
n
) l'ordre des singularités de  . Nous avons vu que
P
k
i
= 4g 4.
Loalement, dans un ouvert simplement onnexe d'un point non singulier, en prenant la
raine arré , nous pouvons présenter une diérentielle quadratique omme le arré d'une
diérentielle abélienne. Mais globalement, e n'est pas le as en général. C'est préisément
le as quand le feuilletage horizontal orrespondant est orienté. S'il existe au moins un
zéro de  d'ordre impair (ou au moins un ple) alors  n'est lairement pas le arré d'une
1 forme holomorphe. Mais si toutes les singularités de  sont de degré pair, il existe
des obstrutions (holonomie de la métrique) pour que  soit globalement le arré d'une
1-forme.
Notons par HQ
g
l'espae des modules des paires (S
2
g
;  ), où S
2
g
est une surfae de
Riemann de genre g et  une diérentielle sur S. Nous délarons que deux diérentielles
 
1
et  
2
sur S
1
et S
2
sont équivalentes s'il existe un homéomorphisme f de S
1
sur S
2
qui
envoie des points singuliers sur les points singuliers ave le même ordre et qui a la même
forme que les fontions de transitions au voisinage des autres points. Remarquons que ela
implique que f est un diéomorphisme sur le omplémentaire des singularités de  
1
.
On peut voir que ela est équivalant à la ondition suivante :
f

 
1
=  
2
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Dans une formulation analogue, nous demandons qu'il existe un homéomorphisme f de S
1
sur S
2
, qui est un diéomorphisme dans le omplémentaire des singularités et tel que f est
ane dans les artes anoniques dénies par  
1
et  
2
.
L'espae des modules HQ
g
est naturellement stratié par le type des singularités des
formes. En utilisant les notations de Veeh, nous notons par Q(k
1
; : : : ; k
n
; ")  Q
g
la strate
des diérentielles quadratiques [S
2
g
;  ℄ 2 Q
g
ave les singularités du type (k
1
; : : : ; k
n
), où
k
i
2 f 1; 0; 1; 2; : : : g et où " = +1 si la diérentielle  est globalement le arré d'une
diérentielle abélienne et " =  1 sinon. Remarquons que " = +1 implique que tous les k
i
sont néessairement pairs.
Nous onsidèrerons aussi l'espae des modules des diérentielles abéliennes (ou de
manière équivalente, l'espae des modules des diérentielles quadratiques qui sont le arré
de diérentielles abéliennes). Nous notons es espaes par H
g
, et si
 !
k est un veteur dans
N
n
ave
P
k
i
= 2g   2, nous notons par H(k
1
; : : : ; k
n
) la strate orrespondante. Il y a un
isomorphisme naturel de la strate H(k
1
; : : : ; k
n
) dans la strate Q(2k
1
; : : : ; 2k
n
; +1). Cei
motive la onvention suivante :
Convention.
 Nous notons par Q
g
l'espae des modules des paires (S
2
g
;  ), où S
2
g
est une surfae
de Riemann de genre g et  une diérentielle quadratique qui n'est pas globalement
le arré d'une 1 forme holomorphe.
 En aord ave les notations i-dessus, nous posons :
Q(k
1
; : : : ; k
n
) := Q(k
1
; : : : ; k
n
; 1)
pour dénoter les strates de l'espae modulaire Q
g
.
Dans toute ette thèse, nous onsidèrerons uniquement les diérentielles quadratiques
qui ne sont pas globalement le arré d'une 1 forme holomorphe ; sauf mention expliite
du ontraire.
Pour g xé, l'union des es strates est l'espae modulaire tout entier HQ
g
= Q
g
[H
g
au dessus de l'espae de Teihmüller T
g
.
C'est une partie lassique de la théorie de Teihmüller que l'espae de Teihmüller T
g
est une variété omplexe et queHQ
g
s'identie naturellement au bré otangent de l'espae
modulaire M
g
= T
g
=Mod(g), où Mod(g) désigne le groupe modulaire en genre g.
Les strates ne sont pas fermées en général dans l'espaeQ
g
[H
g
(seule la strate minimale
Q(4g   4) l'est). Cei pare que l'on peut obtenir une suite de surfaes dans une strate
qui dégénèrent en une surfae pinée (on peut ontrater plusieurs zéros ou liens de selles
ensembles).
On peut obtenir une exhaustion de ompats dans haque strate en onsidérant les
surfaes qui ont des longueurs de géodésiques bornées inférieurement :
QD(") = f[S;  ℄; longueur de haque feuille fermée sur S  "g
Il est bien onnu que les strates ont une struture d'orbifold modelées par le premier
groupe de ohomologie. Nous dérirons ette struture plus tard en détail. Comme le
groupe modulaire Mod(g) n'agit pas librement, es strates n'ont évidemment pas une
struture lisse. Masur et Veeh ont alulé préisémment la dimension de telles strates :
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Théorème (H. Masur; W. Veeh).
Chaque strate H(k
1
; : : : ; k
n
) est une orbifold omplexe de dimension
dim
C
H(k
1
; : : : ; k
n
) = 2g + n  1
Chaque strate Q(k
1
; : : : ; k
n
) est une orbifold omplexe de dimension
dim
C
Q(k
1
; : : : ; k
n
) = 2g + n  2
Une remarque très importante qui joue un role ruial dans ette théorie est que le
groupe SL(2;R) agit sur es espaes Q
g
et H
g
par transformation linéaire dans les oor-
données anoniques, en préservant haque strate. Si un point [S;  ℄ est présenté par un atlas
de oordonnées anoniques f(U
i
; z
i
)g, et A 2 SL(2;R) est une matrie, alors f(U
i
; Az
i
)g
dénie une nouvelle famille de oordonnées anoniques pour la diérentielle quadratique
(S;A ). Nous délarons que :
A  [S;  ℄ := [S;A ℄
Nous requérons que A envoie les singularités de  aux singularités de A en préservant
l'ordre.
On onsidère en partiulier les trois sous-groupes (à un paramètre) de SL(2;R) qui ont
un intérêt spéial
g
t
=

e
t=2
0
0 e
 t=2

; r

=

os  sin 
  sin  os 

; h
s
=

1 s
0 1

en référene respetivement au ot géodésique, irulaire et horoylique.
Le ot géodésique g
t
sur une diérentielle quadratique (S;  ) a pour eet d'étirer le long
des trajetoires horizontales de  par un fateur e
t
et de ontrater le long des trajetoires
vertiales par e
t
.
Le ot irulaire r

sur une diérentielle quadratique (S;  ) a pour eet de hanger la
diretion anonique dénie par  par un fateur d'angle . Remarquons que e ot laisse
la métrique invariante.
Il est lair que la dénition implique que ette ation préserve haque strate. Par
ailleurs, il est possible de dénir une mesure 
0
qui est SL(2;R)-invariante et absolument
ontinue par rapport à la struture obifoldique dénie sur haque strate.
Un résultat lassique, obtenu indépendamment par Masur et par Veeh, arme que
e ot agit ergodiquement sur haque omposante onnexe de haque strate (voir [Ma1℄
et [V1℄) :
Théorème (Masur; Veeh). [1982℄
Le volume d'une strate normalisée (surfaes plates d'aire 1) est nie par rapport à la
mesure 
0
.
Le ot géodésique de Teihmüller g
t
agit ergodiquement sur haque omposante onnexe
de haque strate par rapport à la mesure 
0
.
Motivés par e résultat, nous sommes intéressés par la lassiation de l'ensemble des
omposantes onnexes des strates, 'est-à-dire l'ensemble des omposantes ergodiques du
ot géodésique. Il est bien onnu que es strates sont non vides, exepté 4 as exeptionnels
12
en petit genre (voir [MaSm℄), et non onnexes en général. Néamoins, Veeh a montré qu'il
n'y a qu'un nombre ni de omposantes onnexes pour haque strate. En partiulier,
en utilisant la théorie des Zippered Retangles (voir [V1℄), Veeh montre que l'ensemble
des omposantes onnexes des strates des diérentielles abéliennes est en bijetion ave
l'ensemble des lasses de Rauzy étendues. Ave ette desription, Veeh prouve que la
strate H(4) possède 2 omposantes onnexes et P. Arnoux prouve que la strate H(6)
possède trois omposantes onnexes.
Cette lassiation est très importante dans l'étude de ertaines lasses de Systèmes
Dynamiques. L'étude de e ot géodésique a beauoup d'appliations. En genre 1,
l'espae de Teihmüller T
g
, munit de sa métrique de Teihmüller, est isométrique au demi
plan supérieur H
2
munit de sa métrique hyperbolique standard. L'étude de l'ation de
g
t
sur H
g=1
oïnide ave l'étude standard du ot géodésique sur la surfae modulaire
PSL(2;Z)nH
2
.
     
     
     
     
     
     
     
     
     
     
     
     












PSfrag replaements
PSL(2;Z)nH
2
'M
g=1
Ainsi, dans le as partiulier du genre 1, le Théorème de Masur et de Veeh peut être
reformulé omme le résultat lassique, attribué à Hedlund (1935), qui arme que le ot
géodésique agit de manière ergodique sur la surfae modulaire par rapport à la mesure
de Liouville. En partiulier, ette théorie bien onnue est reliée à la théorie lassique des
frations ontinues.
En genre plus grand, le ot géodésique est relié aux appliations linéaires par moreaux :
les éhanges d'intervalles, et à l'indution de Rauzy. Pour une liste (inomplète) d'auteurs
qui ont étudié ela, nous référons à Arnoux, Keane, Rauzy, Veeh, Zorih...
Dans les papiers [EsMa℄, [EsMaZo℄, A. Eskin, H. Masur et A. Zorih dérivent les
propriétés asymptotiques sur les surfaes plates génériques dans une omposante onnexe
donnée d'une strate de l'espae des modules des diérentielles abéliennes. Ils omptent les
géodésiques fermées de longueurs bornées. A. Eskin and A. Okounkov (voir [EsOk℄) ont
alulé le volume (par rapport à 
0
) de toutes es strates (normalisées).
Dans e ontexte, un travail est en ours : Eskin et Okounkov (voir [EsOk2℄) utilisent
nos résultats pour obtenir des résultats similaires dans le adre des diérentielles quadra-
tiques.
Enn, en aord ave la orrespondane entre l'ensemble des omposantes onnexes et
des lasses de Rauzy étendues, ette lassiation donne une desription omplète pour
l'ensemble des lasses de Rauzy étendues. Ces lasses ont été alulées en petit genre par
A. Zorih (voir [Zo1℄ et [Zo2℄).
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Résultats onnus
Kontsevih et Zorih (voir [KoZo℄) ont obtenu une lassiation omplète des omposantes
onnexes pour toutes les strates des diérentielles abéliennes. En partiulier, ils ont montré
qu'il y a au plus trois omposantes onnexes et que ette borne supérieure est atteinte pour
la strate minimale H(2g  2) et pour la strate H(2k; 2k). Ils utilisent deux invariants pour
obtenir une telle lassiation : l'invariant d'hyperelliptiité et l'invariant de struture spin.
La struture spin est l'invariant qui permet de lassier toutes les omposantes onnexes
non hyperelliptiques de toutes les strates (voir plus tard pour les dénitions). Ii nous
présentons les deux résultats prinipaux pour ette lassiation :
Théorème (Kontsevih, Zorih). Toutes les omposantes onnexes d'une strate des
diérentielles abéliennes sur une ourbe de genre g  4 sont dérites par la liste suivante :
La strate H(2g   2) a trois omposantes onnexes : une hyperelliptique, H
hyp
(2g   2),
et deux autres omposantes : H
even
(2g   2) et H
odd
(2g   2) orrespondant aux strutures
spin paire et impaire.
La strate H(2l; 2l), pour l  2, a trois omposantes onnexes : une hyperelliptique,
H
hyp
(2l; 2l), et deux autres omposantes : H
even
(2l; 2l) et H
odd
(2l; 2l).
Toutes les autres strates de la forme H(2l
1
; : : : ; 2l
n
), où tout l
i
 1, ont deux om-
posantes onnexes : H
even
(2l
1
; : : : ; 2l
n
) et H
odd
(2l
1
; : : : ; 2l
n
), orrespondant aux strutures
spin paire et impaire.
La strate H(2l 1; 2l 1), l  2, a deux omposantes onnexes une des deux, H
hyp
(2l 
1; 2l   1), est hyperelliptique, l'autre H
nonhyp
(2l   1; 2l   1) pas.
Toutes les autres strates des diérentielles abéliennes sur une ourbe de genre g  4
sont non vides et onnexes.
Il faut aussi onsidérer la liste des omposantes onnexes dans les as de petits genres
1  g  3, où il y a des omposantes qui manquent en omparaison au as général.
Théorème (Kontsevih, Zorih). L'unique strate en genre 1, H(0) est onnexe.
L'espae des modules des diérentielles abéliennes sur une ourbe de genre g = 2 on-
tient deux strates : H(1; 1) et H(2). Chaune d'entre elles est onnexe et oïnide ave sa
omposante onnexe hyperelliptique.
Chaque strate H(2; 2), H(4) de l'espae des modules des diérentielles abéliennes sur
une ourbe de genre 3 a deux omposantes onnexes : une hyperelliptique, et l'autre possé-
dant la struture spin impaire.
Les autres strates en genre 3 sont onnexes.
Plan de la thèse
Dans ette thèse, nous donnons la desription omplète des omposantes onnexes de toutes
les strates de l'espae des modules Q
g
des diérentielles quadratiques. En partiulier nous
montrons qu'il y a au plus 2 omposantes onnexes et que e nombre est atteint pour
les strates hyperelliptiques et pour quelques strates exeptionnelles. Les onstrutions des
omposantes onnexes hyperelliptiques et le fait que ela produit des familles de strates
non onnexes donne lieu à un artile (voir [La1℄ et l'Appendie).
En outre, nous montrons que pour l'espae des modules des diérentielles quadratiques
(qui ne sont pas globalement le arré d'une 1 forme holomorphe), la struture spin est
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onstante sur haque strate. De plus, nous donnons une formule expliite pour déterminer
la parité de ette struture spin, onnaissant le type des singularités (k
1
; : : : ; k
n
) de la
strate. Cei ontredit une onjeture de KontsevihZorih qui arme que la struture
spin distingue les omposantes non hyperelliptiques d'une strate Q(k
1
; : : : ; k
n
). Cela donne
lieu à un artile (voir [La2℄ et l'Appendie).
* * *
Tout au long de ette thèse, nous notons par (S;  ) une surfae de demie translation
ave une holonomie non triviale dans une strate Q(k
1
; : : : ; k
n
) en genre g à n singularités.
Nous supposons que l'aire de la surfae S, par rapport à la métrique plate dénie par  , est
nie. De manière équivalente, la forme  a au plus des ples simples, 'est à dire k
i
  1
pour tout i. Nous ne onsidérons pas les points marqués, don k
i
6= 0. La lassiation
dans le as partiulier où k
i
= 0 pour ertains i oïnide ave notre lassiation. Le
Théorème de GaussBonnet implique :
n
X
i=1
k
i
= 4g   4
Dans le Chapitre 6 de ette thèse, nous prouvons le résultat de lassiation suivant :
Théorème Prinipal 1. Fixons le genre g  5. Considérons les familles de strates
suivantes :
F
2
= f Q(4(g   k)  6 ; 4k + 2) j 0  k  g   2g
F
3
= f Q(4(g   k)  6 ; 2k + 1 ; 2k + 1) j 0  k  g   1g
F
4
= f Q((2(g   k)  3 ; 2(g   k)  3 ; 2k + 1 ; 2k + 1) j  1  k  g   2g
dans l'espae des modules des diérentielles quadratiques Q
g
. Alors nous avons :
 Toutes les strates listées dans la famille i-dessus ont exatement 2 omposantes
onnexes ; une hyperelliptique  l'autre non.
 Toutes les autres strates de l'espae modulaire Q
g
sont onnexes.
En petit genre, il y a quelques exeptions pour la lassiation : il y a quelques om-
posantes qui manquent par rapport au as général. Il y a aussi quelques omposantes
additionnelles exeptionnelles. Tout d'abord, ertaines strates peuvent être vides :
Théorème (Masur et Smillie). Considérons un veteur (k
1
; : : : ; k
n
) tel que tous les
k
i
2 N[f 1g. Supposons que
P
k
i
= 0mod4 et
P
k
i
  4. Alors la strate orrespondante
Q(k
1
; : : : ; k
n
) est non-vide, exepté dans les 4 as partiuliers suivants :
Q(;);Q(1; 1) (en genre g = 1) et Q(4);Q(1; 3) (en genre g = 2)
Le Théorème suivant donne la lassiation des omposantes onnexes pour les strates
de l'espae des modules en genre g = 0; : : : ; 4 :
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Théorème Prinipal 2. Fixons le genre 0  g  4. Alors :
 En genre 0 et 1 toutes les strates de Q
g
sont onnexes.
 En genre 2 toutes les strates sont onnexes exeptées les deux strates
Q( 1; 1; 6) et Q( 1; 1; 3; 3)
pour lesquelles nous avons exatement 2 omposantes onnexes ; une hyperelliptique
 l'autre non.
 En genre 3, les strates qui ontiennent une omposante hyperelliptique ont exatement
2 omposantes onnexes ; une hyperelliptique  l'autre non.
Il existe 3 strates partiulières
Q( 1; 9) Q( 1; 3; 6) Q( 1; 3; 3; 3)
qui ont 2 omposantes onnexes ; une adjaente à la strate minimale Q(8)  l'autre
non.
Toutes les autres strates en genre 3 sont onnexes.
 En genre 4, les strates qui ontiennent une omposante hyperelliptique ont exatement
2 omposantes onnexes ; une hyperelliptique  l'autre non.
La strate minimale Q(12) possède exatement 2 omposantes onnexes.
Toutes les autres strates en genre 4 sont onnexes.
Stratégie de la preuve
La preuve de es résultats utilise une ombinaison d'idées venant de la dynamique, de
la géométrie algébrique et de la ombinatoire des lasses de Rauzy et des permutations
généralisées. Nous déomposons la démonstration générale en trois étapes omme suit.
Tout d'abord, il y a trois séries à un paramètre de strates orrespondantes aux ourbes
omplexes hyperelliptiques. Ces strates sont non-onnexes : elles possèdent une om-
posante onnexe hyperelliptique et une omposante onnexe non-hyperelliptique.
Ensuite nous montrons la dihotomie suivante : exepté trois as partiulier en genre 3,
toute omposante onnexe est soit hyperelliptique soit attahée à la strate minimale ; 'est
à dire la strate Q(4g 4). An de prouver ei, nous montrons que toutes omposante non-
hyperelliptique, exepté 3 as partiuliers en genre 3, possède une surfae ave un lien de
selle de multipliité 1 que l'on peut éraser. Ainsi toute omposante non-hyperelliptique
est adjaente à une strate de dimension plus petite, et don par réurrene à la strate
minimale. Cette preuve est basée sur la ombinatoire et la dynamique des feuilletages
mesurés.
La dernière étape est onsarée à la strate minimale. Nous montrons qu'elle est onnexe
pour le genre g  5 et, en utilisant un résutat de KontsevihZorih sur la onnexité
loale, que toute strate attahée à ette strate minimale l'est aussi. Nous proédons par
réurrene sur le genre des surfaes. On montre diretement que la strate Q(16) en genre
5 est onnexe, et de manière réursive pour g  5, que la strate minimale de genre g est
onnexe en utilisant l'argument de hirurgie bubbling a handle.
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Plan de la preuve
Les Chapitres 1 et 2 sont prinipalement onsarés à l'étude et à la géométrie des dif-
férentielles quadratiques : nous donnons le bakground néessaire en terme de feuilletages
mesurés induits par une diérentielle quadratique. Les surfaes sont onsidérées omme
des surfaes Eulidiennes ave des singularités oniques ou omme des sufaes munie d'une
paire de feuilletages mesurés transverses. Dans e langage, nous avons la notion de feuilles.
Nous appelons une séparatrie (separatrix) une feuille qui ontient un point singulier.
Un lien de selle (saddle onnetion) est une séparatrie ompate homéomorphe à un
segment : un lien de selle entre deux selles diérentes.
Une boule de séparatrie (separatrix loop) est une séparatrie ompate homéomorphe à
un erle : un lien de selle qui part d'une selle et revient à la même selle.
Dans la dernière setion du Chapitre 1, nous obtenons une onstrution (basée sur
une onstrution de Hubbard et Masur (voir [HuMa℄) et sur une idée de Kontsevih) qui
produit un invariant topologique : les omposantes onnexes hyperelliptiques.
Le nombre maximal de omposantes onnexes des strates est 2. Ce nombre est atteint
pour les familles de strates pour lesquelles nous possédons un invariant : une omposante
peut être hyperelliptique ou non. Ce nombre est aussi atteint pour quelques strates exep-
tionnelles en genre 3 et 4. En utilisant es invariants et des propriétées géométriques des
feuilletages mesurés, nous montrons que les strates listées dans le Théorème 1 ont au moins
deux omposantes onnexes. Cei donne lieu à un artile (voir [La1℄). Nous distinguons les
omposantes exeptionnelles plus tard en utilisant des propriétées ombinatoires, à savoir
les lasses de Rauzy. Pour notre programme de lassiation, nous montrons dans la suite
que toutes les autres strates sont onnexes et que les strates i-dessus ont au plus deux
omposantes onnexes.
Dans le Chapitre 1 nous donnons deux onstrutions lassiques de surfaes de demie
translation. La première (breaking up a singularity) donne une méthode de onstrution
de diérentielles quadratiques ave beauoup de singularités en élatant un zéro de la
diérentielle initiale. La seonde (bubbling a handle) nous permet de onstruire une
diérentielle quadratique en genre g + 1 en partant d'une diérentielle quadratique sur
une surfae de genre g. Nous terminons e Chapitre en introduisant une onstrution
de revêtement double ramié. Cette onstrution nous permet d'obtenir les omposantes
onnexes hyperelliptiques.
Dans le seond Chapitre, nous présentons tous les outils que nous allons utiliser dans
la preuve. En partiulier, nous prouvons un résultat de densité (dans toute strate) de
l'ensemble de diérentielles de type JenkinsStrebel à un ylindre. De plus, nous pro-
posons un moyen de oder es formes en utilisant la notion de permutations généralisées.
Le odage de telles formes n'est pas unique mais une permutation détermine uniquement
le type des singularités et aussi le type topologique de la strate sous-jaente. En parti-
ulier, on montre plusieurs résultats en utilisant les propriétés de es objets ombinatoires.
En e sens, les permutations généralisées sont l'outil prinipal pour notre programme de
lassiation. Dans le Chapitre 3, en utilisant ette notion de permutations, nous donnons
des représentants expliites pour haque omposante onnexe.
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Dans le Chapitre 4, nous présentons le premier résultat prinipale pour la preuve
de la lassiation. Nous y étudions l'adjaene des strates. Nous montrons que toute
omposante onnexe non-hyperelliptique d'une strate possède une surfae plate qui peut
se dégénérée en ontratant un lien de selle pour donner une surfae de Riemann non-
singulière dans une strate de dimension plus petite. En e sens, on obtient une desription
préise de l'adjaene des strates. En utilisant ette desription, nous onluons que toute
omposante onnexe d'une strate en genre g  5 est soit hyperelliptique, soit adjaente à
la strate minimale Q(4g   4).
Dans la dernière setion du Chapitre 4, nous donnons quelques résultats sur la onnexité
loale des strates au voisinage de la strate minimale. Nous en déduisons que pour une strate
xée, le nombre de omposantes onnexes non-hyperelliptiques est borné par le nombre de
omposante onnexe de la strate minimale orrespondante. Cei nous donne une borne
supérieure sur le nombre de omposantes onnexes : il y a au plus #
0
(Q(4g   4)) + 1
omposantes onnexes dans haque strate.
Le Chapitre 5 est onsaré à l'étude de la strate minimale Q(4g  4). Nous y montrons
qu'elle est onnexe à partir du genre g  5. Nous proédons par indution sur le genre g
des surfaes. L'étape d'indution est la hirurgie bubbling a handle dérite au Chapitre 1.
Nous montrons que l'on peut toujours trouver, dans haque omposante onnexe de Q(4g 
4), une surfae de demie-translation qui est obtenue par la hirurgie bubbling a handle
sur une surfae de la strate Q(4(g   1)   4) en genre g   1. En d'autres termes, nous
pouvons oublier une anse pour abaisser le genre des surfaes. La preuve est basée sur la
ombinatoire des permutations généralisées.
Dans le Chapitre 6 nous montrons les deux prinipaux résultats de ette thèse ; 'est-
à-dire les Théorème 1 et Théorème 2. Nous montrons que toute omposante onnexe qui
n'est ni hyperelliptique, ni un des 3 as partiuliers donnés dans le Chapitre 3, est adjaente
à la strate minimale Q(4g   4). Cei nous donne une borne supérieure sur le nombre de
omposantes onnexes non-hyperelliptique: il y a au plus #
0
(Q(4g   4)) omposantes
non-hyperelliptiques. Le Théorème 1 est alors une onséquene direte du résultat du
Chapitre 5 (onnexité de la strate minimale en genre plus grand que 5) et de la desription
des omposantes onnexes hyperelliptiques (voir [La1℄). La suite de la preuve en petit
genre est omplètement similaire : nous distinguons plusieurs as suivant le nombre et la
parité des singularités de la strate.
Struture spin
En Appendie, nous donnons la dénition de la struture spin sur une ourbe omplexe.
Dans l'espae des modules des diérentielles abéliennes, la struture spin est l'invariant
basique qui permet de lassier les omposantes onnexes non-hyperelliptiques.
En utilisant le point de vue géométrique de ette struture spin, nous montrons le
Théorème 3 qui ontredit une onjeture de KontsevihZorih qui arme que la struture
spin distingue les omposantes onnexes hyperelliptiques des strates de l'espae des modules
Q
g
. En outre, nous donnons une formule expliite pour aluler la parité de ette struture
spin, onnaissant seulement le type des singularités de la forme. Nous montrons les deux
Théorèmes suivants orrespondants aux résultats énonés (voir aussi [La2℄) :
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Théorème Prinipal 3. La parité de la struture spin d'une diérentielle quadratique  ,
qui n'est pas le arré d'une 1 forme holomorphe, est indépendante du hoix de  dans une
strate Q(k
1
; : : : ; k
l
) donnée.
Utilsant la onstrution expliite du revêtement des orientations, nous laulons ex-
pliitement la parité de ette struture spin en terme uniquement du type des singularités
des formes :
Théorème Prinipal 4. Soit  une diérentielle quadratique méromorphe sur une surfae
de Riemann S ave le type de singularités Q(k
1
; : : : ; k
l
). Soit n
+1
le nombre de zéros de
 de degré k
i
= 1 mod4, et soit n
 1
le nombre de zéros de  de degré k
j
= 3 mod 4. En
outre, nous supposons que tous les degrés des zéros restants satisfont k
r
= 0 mod 4. Ave
es onditions, la struture spin de !^ sur
^
S le revêtement double assoié, a un sens. Alors
la parité de la struture spin déterminée par  est donné par :
( ) =
"
jn
+1
  n
 1
j
4
#
mod2
où les rohets dénotent la partie entière.
En utilisant ette formule, nous donnons une appliation dans le ontexte des billards
rationnels.
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Chapter 1
Surgeries and branhed overings
In this Chapter, we desribe some lassial onstrutions of half translation surfaes
(see also [EsMaZo℄, [MaZo℄ and [KoZo℄). We also use an analogous onstrution of the
orientating double ramied overing assoiated to a quadrati dierential (see [HuMa℄).
Construtions are geometri and use only the point of view of measured foliations on S. In
the last setion of this Chapter, we give a onstrution of a double ramied overing and
dedue an invariant to distinguish the onneted omponents: hyperelliptiity.
1.1 Breaking up a singularity
In this setion, we want to break up a singularity of order k
1
into two singularities of
orders l and r with r + l = k
1
. Aording to the parity of l and r, the surgery that we
propose is loal or global.
1.1.1 Loal onstrution
Breaking up a singularity into two singularities
In this setion, we onsider the two ases where l and r are even or k
1
is odd. The surgery
we will desribe is loal (see Figure 1.1). We have
Lemma 1. Consider a surfae in Q(k
1
; : : : ; k
n
). Choose l; r 2 f 1; 1; 2; 3; 4; : : : g, as
follows
 if k
1
is odd, l + r = k
1
; and l; r any.
 if k
1
is even, l + r = k
1
; and l; r even.
For any  
0
2 Q(k
1
; k
2
; : : : ; k
n
) and for any suiently small " > 0 (depending on  
0
) it is
possible to onstrut a deformation  2 Q(l; r; k
2
; : : : ; k
n
) of  
0
suh that the orresponding
at metri would have a horizontal saddle onnetion of length " joining the singularities
P
1
and P
2
of orders l and r.
The deformation an be hosen to be loal: the at metri does not hange outside of a
small neighborhood of the zero of multipliity k
1
.
Proof of Lemma 1. See referenes in Annexes (see also [La1℄).
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Breaking up a singularity into three singularities
Next, we will see that for breaking up an even zero into two odd zeroes, the onstrution
is global. Nevertheless we an extend the last onstrution to obtain another loal one: we
break up a zero into three zeroes (see Figure 1.2)
Lemma 2. Consider a surfae in Q(k
1
; : : : ; k
n
). Choose l; r; s 2 f 1; 1; 2; 3; 4; : : : g with
l+ r+ s = k
1
and l; r; s any. For any  
0
2 Q(k
1
; k
2
; : : : ; k
n
) and for any suiently small
" > 0 (depending on  
0
) it is possible to onstrut a deformation  2 Q(l; r; s; k
2
; : : : ; k
n
)
of  
0
suh that the orresponding at metri would have two horizontal saddle onnetion
of length " joining the singularities P
1
, P
2
and P
2
; P
3
of orders l; r; s orrespondingly.
The deformation an be hosen to be loal: the at metri does not hange outside of a
small neighborhood of the zero of multipliity k
1
.
Proof of Lemma 2. See referenes in Annexes (see also [La1℄).
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Figure 1.1: Breaking up a zero of order 4 into two zeros of orders 2. Note that the surgery
is loal: we do not hange the at metri outside of the neighborhood of the zero.
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Figure 1.2: Breaking up a zero of order 3 into three zeros of orders 1. Note that the surgery
is loal: we do not hange the at metri outside of the neighborhood of the zero.
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1.1.2 Global onstrution
In this setion, we onsider breaking up a singularity in two ases where l and r are odd
(then k
1
is even).
The surgery is global. We use setion 1.2.3 to obtain a at surfae S
0
with an additional
handle. We required that the angle between the two new setors is n
1
= l+ 2 (n
2
= r + 2
if we onsider the omplementary angle). Now let us erase this handle to obtain a at
surfae, also denoted by S
0
, with a boundary omponent. The boundary of the new surfae
S
0
is exatly union of two separatrix loops 
1
and 
2
of length ". We ut this surfae along
the point P
1
to obtain a at surfae with a boundary homeomorphi to a irle. Then
we identify the two geodesis segments 
i
by an isometry. We obtain a ompat Riemann
surfae, also denoted by S
0
. We an expliitly desribe this surgery in terms of the at
metri so S
0
is also a at surfae. The types of singularities of S and S
0
oinide exept
that instead of P
1
we obtain two singularities Q
1
and Q
2
. Conial angle around these
points are n
1
and n
2
. So the resulting at surfae satisfy the desired onditions: two new
zeroes of order l = n
1
  2 and r = n
2
  2. Note that we have
k
1
= n
1
+ n
2
  4 = (n
1
  2) + (n
2
  2) = l + r
1.2 Bubbling a handle
Let S be a half translation surfae with non-trivial holonomy. Let P
1
2 S be a point of
multipliity k
1
with respet to the at metri (k
1
= 0 if P
1
is a regular point, k
1
=  1 if
P
1
is a pole and k
1
> 0 if P
1
is a zero). We want to onstrut a half translation surfae
S
0
in genus g + 1 starting with S in genus g. We rst give a onstrution in a speial ase
and then we desribe this surgery in full generality.
1.2.1 A partiular onstrution
Constrution
Let  2 S
1
denote a diretion on S. In this diretion, we hoose a separatrix  whih
ontains the point P
1
. Let Q 2  be a point at distane at most " from P
1
with " < "
0
.
Here we suppose that [S;  ℄ 2 QD("
0
) (see Introdution for denition of these sets). So
there are no singular points in the geodesi segment ℄P
1
;Q[. Then we ut the at surfae
S along this segment [P
1
;Q℄. The resulting surfae, denoted by S
0
, is a at surfae with a
boundary omponent. By onstrution, the boundary is homeomorphi to a irle S
1
: the
union of two saddle onnetions between the two singularities P
1
and Q on S
0
. We identify
these two points. The quotient surfae, still denoted by S
0
, is also a half translation surfae
with a boundary omponent homeomorphi to a bouquet of two irles: 
1
and 
2
. The
lengths of eah of these two separatrix loops is ". Then we onsider a straight metri
ylinder C of perimeter ". We glue the top boundary omponent of this ylinder to 
1
and
the bottom omponent to 
2
. The resulting surfae is a non-singular losed at surfae.
We obtain on S
0
a measured foliation F
0
. By onstrution, holonomy of the two foliations
F of S in the diretion  and F
0
on S
0
oinide; that is F is oriented if and only if F
0
also.
Moreover, the surfae S
0
possesses the same type of singularities as S for all singular points
dierent from P
1
= Q. In this partiular point the onial angle in terms of the at metri
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is (k
1
+ 2 + 4) so the orresponding dierential  
0
has a zero of order k
1
+ 4. With our
notation in terms of strata, if [S;  ℄ 2 Q(k
1
; k
2
; : : : ; k
n
) then [S
0
;  
0
℄ 2 Q(k
1
+4; k
2
; : : : ; k
n
).
Parameter spae
We an alulate the parameters for the above surgery; that is the parameters spae. The
parameters responsible for the ylinder are the height h and the twist . The parameters
responsible for the diretion and the utting on S are  and the length " of the geodesi
segment [P
1
; Q℄. In other words, we have
 
f 2 S
1
g  f0 < " < "
0
g


 
f0 < h < h
0
g  f 2 S
1
g

=
_
D
2

_
D
2
We would like to extend this onstrution whih will give us an additional disrete param-
eter: the angle between the two new setors. In the previous onstrution, angle between
the two separatrix loops 
1
and 
2
are 2 (or (k
1
+ 2) if we onsider the omplementary
angle).
Let n
1
and n
2
satisfy n
1
+ n
2
= k
1
+ 4. In setion 1.2.2 and 1.2.3 we are going to
onstrut a at surfae S
0
with a simple ylinder by bubbling a handle suh that the
angle of this handle is n
1
 (or n
2
 if we onsider the omplementary angle) in the at
metri.
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Figure 1.3: Here the onstrution of bubbling a handle at a zero of order 8. The angle
between the two new setors is n
1
 with n
1
= 2.
1.2.2 Loal onstrution
In this setion, we onsider bubbling a handle in two ases where n
1
; n
2
are even or k
1
is odd. In these two ases, it is easy to generalize the previous onstrution. We an break
the zero of order k
1
into two zeroes of orders n
1
 2 and n
2
 2 (see previous setion 1.1.1).
We an do it by a loal onstrution: the at metri does not hange outside of a small
neighborhood of the zero of multipliity k
1
(see Lemma 1). Then we ut the resulting
surfae along the saddle onnetion between these two zeroes. We identify the zeroes to
obtain a at surfae S
0
with a boundary omponent whih is exatly the union of two
separatrix loops of angle n
1
. Note that the surgery is loal.
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1.2.3 Global onstrution
In this setion, we onsider bubbling a handle in the ase where the angles between the
two new setors are n
1
 and n
2
 with n
1
and n
2
odd.
In this ase, the onstrution is global. We refer to [MaZo℄ for details of this onstru-
tion.
Remark 1. The two above surgeries are related. In the loal onstrution, we an think
of the parameters spae as one puntured omplex dis times a disrete parameter for
the surgery breaking up a singularity. For the surgery bubbling a handle, there is an
additional parameter: a puntured omplex dis for the additional metri ylinder.
Remark 2. Using these surgeries, we obtain the following fat: there are some ompo-
nents of the stratum Q(k
1
; k
2
; k
3
; : : : ; k
n
) whih are aessible by a surgery breaking
up a singularities on a surfae inside the stratum Q(k
1
+ k
2
; k
3
; : : : ; k
n
). For the ase
bubbling a handle, we have an analogous fat: there are some omponents of the stra-
tum Q(k
1
; : : : ; k
i
+4; : : : ; k
n
) whih are aessible by a surgery bubbling a handle on a
surfae inside the stratum Q(k
1
; : : : ; k
i
; : : : ; k
n
).
In Chapter 4 and Chapter 3, we lassify all omponents in all strata whih ontain a
half-translation surfae onstruts by one of these two surgeries. This lassiation allows
us to desribe in details the adjaeny of the strata.
1.3 Branhed overings
The main result of this setion is the onstrution of four one-parameters family of strata
whih are not onneted. This invariant whih is used is the notion of hyperellipti on-
neted omponent. First we desribe a lassial onstrution of the orientating double
overing (see [HuMa℄). Then we onstrut the hyperellipti omponents and prove the
announed statement. We refer to [La1℄ for details and proofs.
1.3.1 Orientating double overing
Proposition. Let S
2
g
be a Riemann surfae and let  be a quadrati dierential on it.
Then there exists a anonial (ramied) double overing  :
^
S
2
~g
! S
2
g
suh that 

 =
!^
2
, where !^ is an Abelian dierential on
^
S
2
g^
.
Moreover, the images P 2 S
2
g
of ramiation points of the overing  are exatly the
singularities of odd degrees of  . The overing  :
^
S
2
g^
! S
2
g
is the minimal (ramied) ov-
ering suh that the quadrati dierential 

 beomes the square of an Abelian dierential
on
^
S
2
g^
.
Note that the surfae
^
S is onneted if and only if  is not the global square of an
Abelian dierential.
Proof of the Proposition. Consider an atlas (U
i
; z
i
)
i
on
^
S
2
g
= S
2
g
nfsingularities of  g where
we puntured all zeros and poles of  . We assume that all the harts U
i
are onneted
and simply-onneted. The quadrati dierential  an be represented in this atlas by a
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olletion of holomorphi funtions f
i
(z
i
), where z
i
2 U
i
, satisfying the relations:
f
i
(z
i
(z
j
)) 
 
dz
i
dz
j
!
2
= f
j
(z
j
) on U
i
\ U
j
Sine we have puntured all singularities of  any funtion f
i
(z
i
) is nonzero at U
i
. Consider
two opies U

i
of every hart U
i
: one opy for every of two branhes g

i
(z
i
) of g

(z
i
) :=
p
f
i
(z
i
) (of ourse, the assignment of + or   is not anonial). Now for every i identify
the part of U
+
i
orresponding to U
i
\U
j
with the part of one of U

j
orresponding to U
j
\U
i
in suh way that on the overlap the branhes would math
g
+
i
(z
i
(z
j
)) 
dz
i
dz
j
= g

j
(z
j
) on U
+
i
\ U

j
Apply the analogous identiation to every U
 
i
. We get a Riemann surfae with pun-
tures provided with a holomorphi 1-form !^ on it, where !^ is presented by the olletion
of holomorphi funtions g

i
in the loal harts. It is an easy exerise to hek that lling
the puntures we get a losed Riemann surfae
^
S
2
g^
, and that !^ extends to an Abelian
dierential on it. We get a anonial (possibly ramied) double overing  :
^
S
2
g^
! S
2
g
suh
that 

 = !^
2
.
By onstrution the only points of the base S
2
g
where the overing might be ramied
are the singularities of  . In a small neighborhood of zero of even degree 2k of  we an
hose oordinates in whih  is presented as z
2k
(dz)
2
. In this hart we get two distint
branhes z
k
dz of the square root. Thus the zeros of even degrees of  and the marked
points are the regular points of the overing . However, it easy to see that the overing
 has a ramiation point over any zero of odd degree and over any simple pole of  .
1.3.2 Orientating double overing and homologial group
Let [S;  ℄ 2 Q(k
1
; : : : ; k
n
) be a point. Consider the orientating (or anonial) double
overing  :
^
S ! S desribed in the above onstrution suh that the pull-bak 

 = !^
2
beomes the global square of an Abelian dierential !^ on
^
S. Let  be the natural involution
of
~
S interhanging the points in the bers of . Let
^
P
1
; : : : ;
^
P
r
2
^
S be the true zeros of !^.
Sine by onstrution 

!^ =  !^, the set f
^
P
1
; : : : ;
^
P
r
g is sent to itself by the involution  .
Consider the indued involution


: H
1
(
^
S; f
^
P
1
; : : : ;
^
P
r
g; C ) ! H
1
(
^
S; f
^
P
1
; : : : ;
^
P
r
g; C )
of the relative ohomology group. The vetor spaeH
1
(
^
S; f
^
P
1
; : : : ;
^
P
r
g; C ) splits into diret
sum
H
1
(
^
S; f
^
P
1
; : : : ;
^
P
r
g; C ) = V
1
 V
 1
of invariant and anti-invariant subspaes of the involution 

. We have already seen that
[!^℄ 2 V
 1
.
In Chapter 2, we will use these groups to desribe loally the struture of the strata.
In partiular, a small neighborhood of [!^℄ in the anti-invariant subspae V
 1
gives loal
oordinates harts of a regular point [S;  ℄ (not a xed point for a ellipti element of the
modular group  
g
) inside the stratum Q(k
1
; : : : ; k
n
).
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1.3.3 Constrution
Here we present a onstrution of a natural mapping of the strata indued by a ramied
overing of the xed ombinatorial type.
Let S
2
g
be a Riemann surfae and let  
0
be a quadrati dierential on it whih is not a
square of an Abelian dierential. Let (k
1
; : : : ; k
n
) be its singularity pattern. We do not
exlude the ase when some of k
i
are equal to zero: by onvention this means that we have
some marked points.
Let  :
~
S
2
~g
! S
2
g
be a (ramied) overing suh that the image of any ramiation
point of  is a marked point, or a zero, or a pole of the quadrati dierential  
0
. Fix the
ombinatorial type of the overing : the degree of the overing, the number of ritial
bers and the ramiation index of the points in every ritial ber. Consider the indued
quadrati dierential 

 
0
on
~
S
2
~g
; let (
~
k
1
; : : : ;
~
k
m
) be its singularity pattern.
Deforming slightly the initial point [M
2
g
;  
0
℄ 2 Q(k
1
; : : : ; k
n
) we an onsider a ramied
overing over the deformed Riemann surfae of the same ombinatorial type as the overing
. This new overing would have exatly the same relation between the position and types
of the ramiation points and the degrees and position of singularities of the deformed
quadrati dierential. This means that the indued quadrati dierential 

 would have
the same singularity pattern (
~
k
1
; : : : ;
~
k
m
) as 

 
0
. Thus we get a loal mapping
Q(k
1
; : : : ; k
n
)! Q(
~
k
1
; : : : ;
~
k
m
)
[S
2
g
;  ℄ 7! (
~
S
2
g
; 

 )
Note that in general the orresponding global mapping is multi-valued. See [La1℄ for details
and proofs for this onstrution.
Using this onstrution, we prove
Proposition 1. The mapping
Q(k
1
; : : : ; k
n
)! Q(
~
k
1
; : : : ;
~
k
m
) (1.1)
is loally an embedding.
Note that the image of above mapping belongs to the set of quadrati dierential whih
is not the global square of an Abelian dierential.
Proof of the Proposition 1. We use the ohomologial oordinates (see setion 2.1.2) in the
neighborhood of [S;  ℄ 2 Q(k
1
; : : : ; k
n
) and in the neighborhood of its image [
~
S;
~
 ℄ 2
Q(
~
k
1
; : : : ;
~
k
m
), where
~
 = 

 . These oordinates linearize the mapping, and the proof
beomes an exerise in algebrai topology. See the Annexes for details of the proof (see
also [La1℄).
1.3.4 Hyperellipti onneted omponents
In [La1℄, we lassify all ombinatorial types of strata suh that the dimension of the two
orbifolds Q(k
1
; : : : ; k
n
) and Q(
~
k
1
; : : : ;
~
k
m
) in the above Proposition oinide. For the strata
Q(
~
k
1
; : : : ;
~
k
m
) we get exatly the list F
2
t F
3
t F
4
given by Main Theorem 1.
Moreover, the genus of surfaes in the orresponding strata Q(k
1
; : : : ; k
n
) is always
zero. Next, we present an expliitly onstrution of the list F
4
. We will use the following
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Proposition 2 (Kontsevih). Any stratum Q(k
1
; : : : ; k
n
) with
P
k
i
=  4 is onneted.
Proof of the Proposition. Sine there is only one omplex struture on CP
1
we an work
in the standard atlas on CP
1
= C [ (C

[1). In this atlas, we an easily nd quadrati
dierentials f(z)(dz)
2
with any presribed singularities at any presribed points (with
the evident ondition on the zeros,
P
k
i
=  4) just by hoosing an appropriate rational
funtion f(z). The spae of ongurations of points on a sphere is onneted; this implies
the statement of the Proposition.
Here, we present an expliitly onstrution of the list F
4
. Let us onsider the following
example. Let us apply Constrution 1.3.3 in the following partiular ase. Consider a
meromorphi quadrati dierential  on CP
1
having the singularity pattern (2(g   k)  
3; 2k + 1; 1
2g+2
), where k   1, g  1 and g   k  2. Consider a ramied double
overing  over CP
1
having ramiation points over 2g + 2 poles of  , and no other
ramiation points. We obtain a hyperellipti Riemann surfae
~
M of genus g with a
quadrati dierential 

 on it. Obviously, the indued quadrati dierential 

 has the
singularity pattern (2(g k)  3; 2(g k)  3; 2k+1; 2k+1). Thus we get a loal mapping
Q(2(g   k)  3; 2k + 1; 1
2g+2
)! Q(2(g   k)  3; 2(g   k)  3; 2k + 1; 2k + 1);
where k   1; g  1 and g   k  2. Using formula on the dimension of the strata (see
Introdution) we get
dim
C
Q(2(g   k)  3; 2k + 1; 1
2g+2
) = 2  0 + (2g + 4)  2 = 2g + 2
dim
C
Q(2(g   k)  3; 2(g   k)  3; 2k + 1; 2k + 1) = 2g + 4  2 = 2g + 2
The dimensions of the strata oinide. Above Proposition imply that the mapping is non-
degenerate. Sine the stratum Q(2(g   k)   3; 2k + 1; 1
2g+2
) is onneted, as any other
stratum on CP
1
by Proposition 2 the image of the mapping in the stratum Q(2(g   k)  
3; 2(g   k)  3; 2k + 1; 2k + 1) is also onneted.
We obtain an open set on the stratum Q(2(g k) 3; 2(g k) 3; 2k+1; 2k+1) whih
is invariant by the SL(2;R) ation. By ergodiity of the geodesi ow the image of the
mapping
Q(2(g   k)  3; 2k + 1; 1
2g+2
)! Q(2(g   k)  3; 2(g   k)  3; 2k + 1; 2k + 1)
gives us a full measure set in the orresponding onneted omponent of the stratum
Q(2(g   k)  3; 2(g   k)  3; 2k + 1; 2k + 1):
Thus we obtain a whole onneted omponent of these stratum. We all it the hyperellipti
onneted omponent and denote it by
Q
hyp
(2(g   k)  3; 2(g   k)  3; 2k + 1; 2k + 1):
Note that the singularities data of this stratum belongs to the list F
4
.
Similarly to the previous ase we an easily hek oinidene of the dimensions of the
strata
Q(2(g   k)  3; 2k; 1
2g+1
)! Q(2(g   k)  3; 2(g   k)  3; 4k + 2);
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with k  0, g  1 and g   k  1 and
Q(2g   2k   4; 2k; 1
2g
)! Q(4(g   k)  6; 4k + 2)
with k  0, g  2 and g   k  2.
The images of these mappings give us onneted omponents in the strata
Q(2(g   k)  3; 2(g   k)  3; 4k + 2):
and
Q(4(g   k)  6; 4k + 2):
Denition 1. The onneted omponents onstruted above are alled the hyperellipti
omponents and denoted by:
1. Q(2(g   k)  3; 2k + 1; 1
2g+2
)! Q
hyp
(2(g   k)  3; 2(g   k)  3; 2k + 1; 2k + 1);
where k   1; g  1; g k  2. The orresponding double overing has ramiation
points over 2g + 2 poles of meromorphi quadrati dierential on CP
1
.
2. Q(2(g   k)  3; 2k; 1
2g+1
)! Q
hyp
(2(g   k)  3; 2(g   k)  3; 4k + 2),
where k  0, g  1 and g k  1. The orresponding double overing has ramiation
points over 2g + 1 poles and over the zero of degree 2k of meromorphi quadrati
dierential on CP
1
.
3. Q(2g   2k   4; 2k; 1
2g
)! Q
hyp
(4(g   k)  6; 4k + 2),
where k  0, g  2 and g k  2. The orresponding double overing has ramiation
points over all singularities of the quadrati dierential on CP
1
.
In Main Theorem 1, we have denoted above families of strata by F
2
t F
3
t F
4
.
The Theorem below proves that there are no other onneted omponents whih an
be obtained using a similar onstrution.
Theorem 1. Let Q(k
1
; : : : ; k
n
) be a stratum in the moduli spae of meromorphi quadrati
dierentials and let  :
^
S ! S be a overing of nite degree d > 1. Consider the mapping
Q(k
1
; : : : ; k
n
)! Q(
~
k
1
; : : : ;
~
k
m
)
indued by the overing  (see Constrution 1.3.3). Suppose that the image stratum is not
a stratum of squares of Abelian dierentials, and suppose that the mapping is neither of
one of the three types orresponding to hyperellipti omponents. Then
dim
C
Q(k
1
; : : : ; k
n
) < dim
C
Q(
~
k
1
; : : : ;
~
k
m
)
Proof. See [La1℄.
Remark 3. Hyperellipti onneted omponents of the type F
4
was rst disovered by
M. Kontsevih.
In [La1℄, we proved that all of those strata (whih ontain an hyperellipti omponent)
are not onneted in genera higher than 3. We show, using the geometry of measured
foliation that it neessarily exists a non-hyperellipti omponent. Namely, we have the
following
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Corollary 1. Let us x g  3. Let us onsider the following families of strata
F
2
= f Q(4(g   k)  6 ; 4k + 2) j 0  k  g   2g
F
3
= f Q(4(g   k)  6 ; 2k + 1 ; 2k + 1) j 0  k  g   1g
F
4
= f Q((2(g   k)  3 ; 2(g   k)  3 ; 2k + 1 ; 2k + 1) j  1  k  g   2g
Then all strata listed in the above families are not onneted: there is one hyperellipti
onneted omponent and at least one non-hyperellipti onneted omponent.
In the next of this thesis, we are going to prove that, in genera higher that 5, any
onneted omponent is either hyperellipti or attahed to the minimal stratum. This will
prove Main Theorem 1.
Chapter 2
Tools
In this Chapter, we remind key results on the moduli spae and on the geometry of half
translation surfaes. We propose a way to enode partiular at surfaes: the Jenkins
Strebel forms with one ylinder. We refer to [DoHu℄, [HuMa℄ and [KoZo℄.
2.1 JenkinsStrebel surfaes
An important lass of quadrati dierentials is given by JenkinsStrebel dierentials. In
this setion, we explain these partiulars forms and we present some results about the
density in the moduli spae. In addition, we propose a natural way to enode suh forms.
2.1.1 Completely periodi foliations
Let   be the ritial graph of (S;  ) for the horizontal foliation, that is the union of all
separatries in the horizontal diretion. We want to study a partiular lass of at surfaes:
the one where   is ompat.
Proposition 3.   is ompat if and only if the horizontal measured foliation of  is
ompletely periodi; that is in the horizontal diretion, any leaf is ompat.
Proof of the Proposition. If   is ompat, one an dened an " neighborhood of  :
 (") = fP 2 S ; d(P; ) < "g
for all " > 0 (d is dened by the at metri). Now let us onsider P 2 Sn . We hoose "
small enough suh that P 62  ("). Let us onsider the (horizontal) leaf  through P . The
distane of P from  (") is positive thus
d(Q; (")) > 0 for all points Q 2 
If the leaf  is non ompat then it is dense in a minimal omponent and so d(; (")) =
0 whih leads to a ontradition.
Thus any regular leaf is ompat and so the foliation is ompletely periodi.
In this ase, we say that the form  is of type JenkinsStrebel.
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Example 1. A very large lass of these forms is given by Veeh surfaes in a periodi
diretion, and, in partiular, by arithmetis surfaes.
Reall that an arithmeti translation surfae (endow with an Abelian dierential) is a
ramied overing over the two torus with only one ritial value. In an equivalent way,
the group generated by absolutes and relatives periods is a lattie in C . A Theorem of
Gutkin and Judge (see [GuJu℄) asserts that this ondition is also equivalent to the fat that
the Veeh group is ommensurable to PSL(2;Z) (and so as onsequene it is a lattie).
An arithmeti translation surfae (endowed with a quadrati dierential) is a surfae
suh that the orientating double overing is an arithmeti surfae.
2.1.2 Cohomologial oordinates
It is a well-known part of the Teihmüller theory that T
g
is a omplex manifold and HQ
g
is the otangent bundle over the modular spae M
g
= T
g
=Mod(g). Here we desribe this
struture in the ase of the prinipal stratum: the stratum Q(1; : : : ; 1) = Q(1
4g 4
). We
reall that the dimension of this stratum is
dim
C
Q(1; : : : ; 1) = 2  dim
C
T
g
= 6g   6 (2.1)
We refer to [DoHu℄ for details. For a Riemann surfae S endowed with a quadrati dif-
ferential  whih is not the global square of an Abelian dierential, reall that we note
by
^
S
 
the onneted Riemann surfae whih is the double over of S and  :
^
S  ! S
the projetion. Let !^ =
p


 be one of the two square roots (see setion 1.3.1 for the
notations).
Let [S;  ℄ 2 Q
g
be a point in the total spae with only simple zeroes. The Riemann
surfae
^
S has a natural involution and so the various homology and ohomology spaes
attahed to it. The vetor spae H
0
(S; 


2
) an be identied with H
0
(
^
S; 
)
 
with the
identiation
u 7! u^ =
p


u
This allows us to dene the following map

 
: H
0
(S; 


2
)! Hom(H
1
(
^
S)
 
;R)
u 7! 
 
(u)(^) = Re
Z
^
u^
This map 
 
is an R isomorphism. Now we want to parametrized loally the prinipal
stratum. Let [S
0
;  
0
℄ 2 Q(1; : : : ; 1) be a quadrati dierential with only simples zeroes and
let U be a simply-onneted open neighborhood of  
0
inside the prinipal stratum. With
these onsiderations, we an identify
H
1
(
^
S
 
)
 
and H
1
(
^
S
 
0
)
 
for all  2 U (2.2)
We dene the map  : U ! Hom(H
1
(
^
S
 
0
)
 
;R) by ( ) = 
 
( ), thus ( )() =
Re
R

 
!
 
, where 
 
is the yle on
^
S
 
orresponding to  with equation (2.2).
Proposition (Douady, Hubbard). The map  is R analyti and its derivative at  
0
is
1
2

 
0
.
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Proof of the Proposition. To ompute the value of the derivative on u 2 T
 
0
= H
0
(S; 


2
)
evaluated at ^ 2 H
1
(
^
S
 
0
)
 
, one must nd the derivative at 0 of the funtion
t 7! <e
Z
^(t)
!
 
0
+tu
(2.3)
where ^(t) is the yle in H
1
(
^
S
 
0
+tu
) orresponding to ^ (see equation (2.2)). One may
suppose that ^ is a loop on
^
S
 
0
whih is the double over of a saddle onnetion  on S
between the two zeroes P
1
and P
2
(see [La2℄). The funtion (2.3) an be rewritten
t 7! 2<e
Z
P
2
(t)
P
1
(t)
p
 
0
+ tu
where P
1
(t) and P
2
(t) are the zeroes of  
0
+ tu near P
1
and P
2
. The derivative of this
integral gives the result.
Using the impliit funtion Theorem we have the following
Corollary. The map  is open in a neighborhood of  
0
. In addition, the moduli spae
Q(1; : : : ; 1) inherit of the struture of a omplex orbifold of dimension 6g   6.

Using the ohomology group with relative periods, we have the following lassial result
Theorem (H. Masur; W. Veeh).
Any stratum H(k
1
; : : : ; k
n
) is a omplex orbifold of dimension
dim
C
H(k
1
; : : : ; k
n
) = 2g + n  1
Any stratum Q(k
1
; : : : ; k
n
) is a omplex orbifold of dimension
dim
C
Q(k
1
; : : : ; k
n
) = 2g + n  2
In the ase of the prinipal stratum, above formula orresponds to the formula (2.1)
with n = 4g   4. The general formula is obtained by subtrating a dimension any time a
zero is ollapsed to higher order.
2.1.3 Density results
JenkinsStrebel forms
Loals oordinates, whih were introdued independently by Masur and by Veeh, show
that arithmetis surfaes play the role of rational points inside the moduli spae. More
preisely, a stratum is loally modeled by the ohomology group H
1
(S; singularities; C ).
Taking points given by
H
1
(S; singularities;Q  iQ);
we obtain immediately the following
Lemma 3. JenkinsStrebel dierentials are dense in eah stratum of the moduli spae.
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Proof. Obviously, a form whose absolutes and relatives periods are rational is a Jenkins
Strebel form.
Douady and Hubbard proved something stronger: the JenkinsStrebel dierentials
are dense on eah Riemann surfae (see [DoHu℄) not just in a stratum.
The omplement of  ( ) in S is a disjoint union ofmaximal periodi omponents for the
horizontal foliation. These omponents are isometri to vertial metri straight ylinders,
foliated by regular horizontal leaves. A simple omputation on the Euler harateristi,
using these ylinders, shows that the maximal numbers of suh ylinders is 3g   3, and
it is obtain only by quadrati dierentials having simple zeroes. By onsidering a thiner
triangulation we obtain
Proposition 4. Let S be a half translation surfae and  the assoiated quadrati dier-
ential (here we do not suppose that the holonomy is non-trivial). We denote by E
v
the
number of zeroes of  of even multipliity and by 2O
d
the number of zeroes (or poles) of
 of odd multipliity. Let g be the genus of the surfae. Let us assume that the horizontal
foliation is ompletely periodi. Then the maximal number of ylinders is
g   1 +E
v
+O
d
and this upper bound is sharp.
Lemma 3 gives us a density result for the JenkinsStrebel dierential in eah stratum.
We an also ask if the set of JenkinsStrebel dierentials with exatly r ylinders is dense
in the moduli spaes (where r is any integer in f1; : : : ; g 1+E
v
+O
d
g). H. Masur proved
a result of this type for the prinipal stratum (see [Ma3℄)
Theorem 2 (Masur). Let r be an integer with 1  r  3g   3. The set of Jenkins
Strebel dierential with exatly r ylinders is dense inside the prinipal stratum Q(1; : : : ; 1)
of genus g.
Jenkins Strebel forms with one ylinder
We would like to extend this result (in the ase of r = 1) for all strata. The proof is
geometri and use an idea of M. Kontsevih and A. Zorih in the partiular ase where the
form  is the global square of an Abelian dierential ! on S.
Theorem 3. Let Q(k
1
; : : : ; k
n
) be a stratum. Then the set of quadrati dierentials suh
that the horizontal foliation is ompletely periodi, and deompose the surfae into a unique
straight metri ylinder, is dense in eah onneted omponent of this stratum.
We stress that we formulate this statement for eah onneted omponent. There is
now suh additional diulty sine for the prinipal stratum it is obviously onneted.
Proof of Theorem 3. We follow the main idea given by the proof of the equivalent result
in the ase of Abelian dierentials. First of all, let us prove that there exists an half
translation surfae, in eah onneted omponent, suh that the horizontal foliation is
ompletely periodi and deomposes the surfae into a unique ylinder.
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Let [S;  ℄ be a point in a given onneted omponent. Without loss of generality, we
may suppose that the surfae (
^
S; !^) over (S;  ) is an arithmeti surfae; that is a ramied
overing over the standard torus. The vertial foliation on S is ompletely periodi and
deompose the surfae into many (horizontal) ylinders C
i
. Let us onsider  a losed
regular urve, transversal to this foliation, of the following type. The surfae S is a ramied
overing  : S ! T
2
. Obviously, the measured foliation in a given diretion  on S is given
by the lift under the map  of the standard linear foliation on the two-torus T
2
in the
diretion . We onsider a foliation on T
2
in the diretion  =
1
q
with q arbitrary large.
The lift of this foliation allows us to obtain a losed regular geodesi  on S, transversal to
the vertial foliation of  , suh that  does not ontains any singularity of  . In addition,
we an hoose  suh that it length is arbitrary large with respet to the at metri dened
by  .
The losed loop  uts vertial sides of ylinders C
i
(that is the set of vertial saddle
onnetions and separatrix loops) many times. By onstrution, C
i
n is a disjoint union
of vertial intervals. We an always hoose  long enough to obtain there is at most one
singularity of  in eah vertial interval. Now we want to modify slightly the transverse
struture to obtain a periodi horizontal foliation with only one ylinder. We do this as
follow.
We ut the surfae along the vertial ritial graph  ( ) of  and also along . We
obtain a nite union of parallelogram R
i
. The set of horizontal sides is a part of  and
the set of vertial sides is a part of the set of separatrix loops and saddle onnetions (for
the vertial foliation indued by  ). By onstrution, in eah vertial side of R
i
, there is
at most one singularity of  .
Let us onstrut a new foliation as follow. We onserve all horizontal parameters and
we hange vertial parameters in the following way: we delare that the length of any
vertial side of R
i
is 1 for all i. In addition, if there is a singularity loated on a vertial
side, we delare that it is loated on the middle of this side. With our above onsideration,
there is no ontradition. Finally we obtain a new set of parallelogram R
0
i
endowed with
the natural metri dz
2
.
Let (S
0
;  
0
) be the at surfae onstrut from the new retangles R
0
i
with the orre-
sponding identiations of vertial and horizontal sides given by gluing desribed above.
We obtain a at surfae with the same singularities data of  .
The surfae S and S
0
are topologially the same. One an see that by onstrution the
vertial ritial graph  ( ) and  ( 
0
) on S oinide. We just have hange absolute and
relative periods of the form  . The subvariety of quadrati dierentials sharing the same
vertial foliation is onneted and depends ontinuously on the suitable of deformations
of the vertial foliation (see [HuMa℄ and [V1℄). Thus it implies the two points [S;  ℄ and
[S
0
;  
0
℄ belongs to the same onneted omponent. One an see that, by onstrution, the
horizontal foliation on S
0
indued by  
0
is ompletely periodi and deomposes the surfae
into one ylinder, whih prove the rst assertion.
Now let us prove the seond assertion: the set of suh forms is dense in eah onneted
omponent. We denote by  :
^
S ! S the orientating double overing and !
2
= 

 .
By diret orollary of the main result of Veeh and Masur (see [Ma1℄ and [V1℄), without
loss of generality, we may assume that the vertial foliation of ! on
^
S is periodi and
the horizontal foliation of ! is uniquely ergodi. By onstrution the orresponding loop
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^ on
^
S is transverse to the vertial foliation. Always by onstrution, the orresponding
form !
0
= 

 
0
is obtained as the orresponding element of ^ 2 H
1
(S;R) by the Poinaré
duality. Thus:
Z

<e(!) 
1
j^j
#( \ ^) 
1
j^j
Z

<e(!
0
)
for any path  transverse to the vertial foliation indued by !
0
. Aording to the oho-
mologial oordinates, hoosing  suiently long, we an make  
0
=jj arbitrary lose to
the initial form  .
This ahieves the proof of the Theorem.
Remarks on the diretional ow
There are several results onerning dynamis of e
i
 with xed  and variable  2 S
1
. In
partiular we have the following well-known result, whih should be attributed to Katok
and Keane
Proposition. Let  be a quadrati dierential on S. Then we have

 
f 2 S
1
j suh that F

is minimal g

= 1
where  denotes the normalized Lebesgue measure on the irle.
Proof of the Proposition. The set of diretion suh that there exists a ompat separatrix
is ountable. See MasurTabahnikov [MaTa℄.
Proposition above shows that ompletely periodi diretions are rare. Moreover, for
a generi translation surfae there is no  suh that the diretional ow F

is periodi
(see [Ma2℄).
Surfaes having ompletely periodi diretion produing a single ylinder are even more
rare (for the measure). Say, an arithmeti surfae whih has many ompletely periodi
diretions may have no one-ylinder deompositions. We present an example in the Ap-
pendix of an arithmeti surfae for whih any periodi deomposition produes at least
two ylinders.
2.2 Generalized permutations
In the previous setion, we have shown that the set of JenkinsStrebel dierentials with
one ylinder is dense in eah onneted omponent. We want now to study the geometry of
suh surfaes. In all of this setion, let (S;  ) denote a at surfae suh that the horizontal
foliation is periodi and deompose the surfae into only one ylinder.
We ut S along the ritial graph  ( ) of  (note that this graph is ompat so it
makes sense). We obtain a vertial straight metri ylinder Cyl(S), suh that the boundary
omponents are represented by a union of saddle onnetions; by onstrution eah saddle
onnetion is presented twie on the boundary of Cyl(S). To reonstrut our surfae
S, we identify these pairs of intervals in the following way: let 
1
; 
2
denote intervals
orresponding to the saddle onnetion . If intervals 
1
; 
2
are present in the same
side of Cyl(S), we identify them by a entral symmetry, otherwise we identify them by a
translation. The quotient surfae Cyl(S)= is a half translation surfae, anely equivalent
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to S. The form  is the image of the form dz
2
on Cyl(S) whih is ompatible with the
equivalene relation (note that in the ase of Abelian dierential, identiations are only
translations so, the form dz is ompatible with the equivalene relation and we obtain a
global 1 form on Cyl(S)=). Endpoints of intervals produe singular points on S for  .
The ation of the horoyli ow
h
t
=

1 t
0 1

; t 2 R
on S preserves the ylinder and twists the boundary. Ation of PSL(2;R) is ontinuous on
the strata, so we an assume that in eah onneted omponent there exists a surfae as
above with a vertial saddle onnetion . Now we ut S along   and  to obtain a metri
retangle Re(S) = [0; l℄  [0;h℄; where l is the length of a horizontal regular leaf and h
is the length of the vertial saddle onnetion  with respet to the transverse measure.
Reall that the two horizontal sides of this retangle, that is [0; l℄  0 and [0; l℄  h, are a
disjoint union of intervals. We an enode identiations of gluing of theses intervals by a
permutation as follows: we attribute to eah interval a number between 1 to r with the
property that we put the same number on two intervals if and only if they are equivalent
by . We obtain a (generalized) permutation . We will give a formal denition later.
Note that, as above, if  = !
2
for ! a global 1 form on S then  is a true permutation
from the group S
r
and the oding of intervals is given by the rst return map of the vertial
ow on a regular horizontal leaf.
Thus to eah onneted omponent, we an assoiated a generalized permutation. Of
ourse, this onstrution is not anonial and we obtain a family of permutations, depend-
ing the hoie of surfae, diretion and twist. Conversely, given a permutation , we an
suspend a ontinuous family of at surfaes over  as follows.
Let  be an arbitrary (generalized) permutation. Let Re = [0; l℄ [0; 1℄ be a Eulidian
retangle endowed with the form dz
2
. Choose a partition of the top and of the bottom
boundary of R into a nite number of intervals (given by the number of elements of ). Let

i
denote the length of these intervals. We suppose that the vetor  is admissible for 
(see below for a formal denition). We onstrut the surfae S := S(; ) by the same way
as above: we identify horizontal intervals between them with respet to the ombinatoris
of  (see Fig 2.1). Parameters of this onstrution are the length of the intervals. Using
this remark, we an prove the following
Lemma 4. The family of surfaes S(; ) belongs to the same onneted omponent for
all admissible vetors .
Proof of the Lemma. Note that the length 
i
of the intervals orrespond to the absolute
and to the relative periods of the orresponding form  on S. Thus the Lemma is a diret
onsequene of the loal desription using the ohomologial oordinates.
This onstrution implies a simple fat: we an enode the set of onneted omponent
by using generalized permutations. In partiular, suh permutation determines ompletely
the type of singularities and so a stratum. In addition, above Lemma proves that it also
determines the onneted omponent of the stratum. The set of generalized permutations,
for a x stratum is obviously nite. This gives an independent proof of the following
Theorem (Veeh). The set of onneted omponents of a stratum Q(k
1
; : : : ; k
n
) in the
moduli spae Q
g
of meromorphi quadrati dierentials is nite.
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In the next, we will use this remark to show the onnetedness for some strata in low
genera; surfaes where the ombinatoris is very simple. More preisely, we prove that the
strata Q( 1; 5), Q(2; 2) and Q(8) are onneted (see setion 3.1.2).
Now we give the formal denition of a generalized permutation. In setion 2.2.5 we
desribe a orrespondene between dynamial properties of the vertial foliation on the
surfae S(; lambda) and ombinatoris properties of the permutation , namely the notion
of irreduibility.
2.2.1 A denition
We rst give a pratial denition and then we give a formal denition whih is obviously
equivalent.
Consider the multi-set X = f1; 1; 2; 2; : : : ; k; kg where eah element 1; 2; : : : ; k; k is
taken with a multipliity two. A generalized permutation is an ordered partition of X into
two ordered multi-sets, X = Y
1
t Y
2
. In the present thesis we shall always onsider only
those generalized permutations, for whih eah of Y
1
; Y
2
ontains at least one entry of
multipliity two. Y
1
and Y
2
are not neessarily of the same ardinality. Usually we present
a generalized permutation by a tabular:
Example 2.
 =

1 2 3 4 3 5 4
6 6 1 5 2

This tabular represents a permutation of type r = 7 and l = 5 where r = ard(Y
1
),
l = ard(Y
2
) and k = (r + l)=2.
One an hek that suspension over this generalized permutation gives surfaes in the
stratum Q( 1; 9) (see Figure 2.1).
Now, let us give a formal denition equivalent to the above denition.
Let r; l be non negative integers. A generalized permutation  is an involution without
x points of the set f1; : : : ; r; r + 1; : : : ; r + lg.
This notion is justied by the fat that a true permutation 
1
of the group S
r
is a
generalized permutation with r = l and
(i) = r + 
 1
1
(i); i  r
(i) = 
1
(i  r); i > r
In the present thesis, we required the following tehnial ondition whih is the dual of
the ondition in the rst given denition
there exists i  r and j  r + 1 suh that (i)  r and (j)  r + 1
This ondition omes from the geometry of the surfae: there is at least two pairs of interval
on eah horizontal side of the ylinder whih are identify by a entral symmetry. Note that
this orrespond to measured foliations whih are non-orientable.
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2.2.2 Admissible vetors
Let  denote a generalized permutation of type (r; l). We say that  2 R
r+l
+
is an admissible
vetor (for ) if
8
>
<
>
:

i
= 
(i)
for all i = 1; : : : ; r + l
P
r
i=1

i
=
P
l
j=1

r+j
Some times, we normalize the last expression to 1. Geometrially
P
r
i=1

i
is the perimeter
of the ylinder, so when the height of the ylinder is hosen to be 1, the area of the at
surfae S(; ) in terms of the metri dened by  is 1.
Note that for the true permutations  of the group S
r
, the vetor
(
1
; : : : ; 
r
; 
(1)
; : : : ; 
(r)
)
is admissible for any 
i
> 0. Thus the set of admissible vetors in this ase is the simplex
 of R
r
+
.
In the general ase, the set of admissible vetors is a simpliial one of dimension
(r + l)=2   1: we have an additional equation given by the length of intervals whih are
presented twie on the same boundary
X
ir
(i)r

i
=
X
jr+1
(j)r+1

j
(2.4)
There is no anellations of terms in the last equation.
2.2.3 Suspension over a generalized permutation
Let  be a generalized permutation and  an admissible vetor for . We denote by p
(perimeter) the quantity
p :=
r
X
i=1

i
=
l
X
j=1

r+j
Let Re = [0; p℄ [0; 1℄ be a Eulidian retangle endowed with the form dz
2
. Consider
the partition of the two horizontal sides of Re in intervals of length 
i
. Now identify
these horizontal intervals with respet the ombinatoris of  in the following way. If two
intervals are presented twie on a side, we identify them by a entrally symmetry and else
we identify them by a translation. Identify also the two vertial sides between them by a
translation.
The resulting spae is a Riemann surfae, denoted by S := S(; ) endowed with a
natural quadrati dierential  = dz
2
. We all the at surfae S := S(; ) the suspension
over the element (; ).
Notation. The surfae S = S(; ) deomposes into a single ylinder in the horizontal
diretion. By onstrution we always have, in the vertial diretion, a separatrix on this
surfae. We denote it by ()  S.
In our main program of lassiation, we want to show that in eah onneted om-
ponent, one an nd a saddle onnetion whih we an ollapse it to a point. In the
next setions, we will give suient onditions for the vertial saddle onnetion () is
ontratible, namely the notion of irreduibility.
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PSfrag replaements
 =

1 1 2
3 2 3

11
2
2
33
S(; )
()

Figure 2.1: A suspension over a permutation  with an appropriate admissible vetor .
The resulting point [S(; ); dz
2
℄ belongs in the stratum Q( 1; 1; 2). The white bullets
orrespond to the poles and the blak bullets to the unique zero of the dierential.
2.2.4 Irreduibility
We want to have a notion of irreduibility analogous to that for true permutations. Here
we rst give the notion of weak reduibility and then the denition of the irreduibility for
a generalized permutation.
These notions are related to the dynamis of the vertial foliation of the orresponding
quadrati dierential obtained by suspension.
The weak irreduibility
We say that  is weakly reduible if there exists 1  i
0
< r and r + 1  j
0
< r + l suh
that we have one of the three following deomposition ases
 (f1; : : : ; i
0
g) = fr + 1; : : : ; j
0
g
 (fi
0
+ 1; : : : ; r + 1g) = fj
0
+ 1; : : : ; r + lg
 For all i  i
0
, if (i)  r + 1 then (i)  j
0
else (i) > i
0
.
For all r + 1  j  j
0
, if (j)  r then (j)  i
0
else (j) > j
0
.
We say that  is weakly irreduible if there does not exist suh i
0
< r, j
0
< r + l. We
an hek that this ondition is equivalent to the lassial ondition of irreduibility for
true permutations in the group S
r
: f1; : : : ; kg 6= f1; : : : ; kg for all 1  k < r.
For instane, the permutation in Example 2 is weakly irreduible.
The above permutation

1 2 3 4 3 5
6 1 2 6 5 4

is weakly reduible with orresponding i
0
= 3 and j
0
= 9. We note by a vertial line the
orresponding invariant multi-set.
Remark 4. Let us onsider the surfae S(; ). We normalize the length of the separatrix
() to 1. Obviously, the ondition of weak irreduibility of  is equivalent to the following
fat: there exists a full Lesbesgue measure set of admissible vetors  suh that all vertial
separatries  (dierent from ()) on the at surfae S(; ), if any, veries
jj  2
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In other words, if  is weakly reduible then for all , there exist a vertial separatrix ,
dierent from (), of length 1.
Proof of Remark 4. It is obvious.
Our main goal is to obtain a ombinatorial ondition whih implies a stronger statement
of above Remark 4. We want to obtain
jj  3 for any vertial separatrix 
This leads to the disussion of the ondition Irred
2
and the notion of irreduibility.
The ondition Irred
2
This notion is a little bit tehnial to present. We give in the next setion a geometri
interpretation. It is related to the length of the vertial separatries.
We say that  does not satisfy the ondition Irred
2
if there exist a deomposition of 
into the following way (up to a permutation of lines of ):
We an deompose the ordered multi-set Y
1
(respetively Y
2
) into three ordered multi-
sets
Y
0
1
; Y
00
1
; Y
000
1
( respetively Y
0
2
; Y
00
2
; Y
000
2
)
suh that the permutation is as follow (in terms of tabular)
 =

Y
0
1
Y
00
1
Y
000
1
Y
0
2
1 Y
00
2
1 Y
000
2

with
8
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
:
8i 2 Y
0
1
(
(i) 2 Y
2
) (i) 2 Y
0
2
(i) 2 Y
1
) (i) 2 Y
000
1
8i 2 Y
00
1
(
(i) 2 Y
2
) (i) 2 Y
00
2
(i) 2 Y
1
) (i) 2 Y
00
1
8j 2 Y
0
2
(
(j) 2 Y
1
) (j) 2 Y
0
1
(j) 2 Y
2
) (j) 2 Y
000
2
8j 2 Y
00
2
(
(j) 2 Y
1
) (j) 2 Y
00
1
(j) 2 Y
2
) (j) 2 Y
00
2
Example 3. The following permutation does not satisfy the ondition Irred
2

1 2 2 3 3 1
0 0

We have a deomposition as above given by Y
0
1
= f1g, Y
00
1
= f2; 2; 3; 3g, Y
000
1
= f1g and
Y
0
2
= f0g, Y
00
2
= ;, Y
000
2
= f0g.
The permutation in Example 2 satisfy the ondition Irred
2
.
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Using this notion, we have a statement analogous to Remark 4 on the length of the
vertial separatries:
Proposition 5. Let us onsider the surfae S(; ). We normalize the length of the sepa-
ratrix () to 1. Then the following onditions are equivalents:
  satisfy the ondition Irred
2
.
 there exists a full Lesbesgue measure set of admissible vetors  suh that all vertial
separatries  (dierent from ()) on the at surfae S(; ), if any, veries
jj 6= 2
Proof of Proposition 5. Obviously, if  does not satisfy the ondition Irred
2
then for all
, there exists a vertial separatrix of length 2. Now let us prove that this ondition is
suient.
Let  be a generalized permutation. We are going to prove that for an admissible
vetor , if

i

j
62 Q , for any i 6= j and if there exists a vertial separatrix of length 2, then
the permutation will not satisfy the ondition Irred
2
.
So let us assume that there exists a losed vertial separatrix  of length 2. We obtain
(up to a permutation of sides of the ylinder) one of the following two ases Figure 2.2 and
Figure 2.3.
PSfrag replaements
i
0
i
1
j
0
j
1
"
"
S(; ) ()
Figure 2.2: A separatrix of length 2 (here the anonial separatrix () has length 1). The
two orresponding intervals of length 
0
j
0
and 
i
1
numbered by j
0
and i
1
are glued by a
translation.
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Figure 2.3: A separatrix of length 2 (here the anonial separatrix () has length 1). The
two orresponding intervals of length 
0
j
0
and 
0
j
1
numbered by j
0
and j
1
are glued by a
entrally symmetry.
To x the notations, we denote by 
i
the length of the intervals on the upper horizontal
part of the ylinder and by 
0
j
the length of the intervals on the lower horizontal part of
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the ylinder. In addition, we have a linear relation on the 
i
and 
0
i
given by the perimeter
of the ylinder (see Equation 2.4). With these notations, we have for the rst ase:

i
1
= 
0
j
0
and for the seond ase

0
j
0
= 
0
j
1
Now, for eah ase, we get two equations given by the fat that there exists a vertial
separatrix of length 2 (see Figures 2.2 and 2.3 for details). For the rst ase, we get:
i
0
X
i=1

i
=
j
0
X
j=1

0
j
  " and
i
1
X
i=1

i
  " =
j
1
X
j=1

0
j
whih gives by adding these two formulas
2
i
0
X
i=1

i
+
i
1
X
i=i
0
+1

i
= 2
j
0
X
j=1

0
j
+
j
1
X
j=j
0
+1

0
j
(2.5)
And for the seond ase, we get:
i
0
 1
X
i=1

i
=
j
0
 1
X
j=1

0
j
+ " and
i
1
X
i=1

i
=
j
1
X
j=1

0
j
  "
whih gives by adding these two formulas
2
i
0
 1
X
i=1

i
+
i
1
X
i=i
0

i
= 2
j
0
 1
X
j=1

0
j
+
j
1
 1
X
j=j
0
+1

0
j
+ 2
0
j
0
(2.6)
In order to prove the Proposition, reall that the 
i
and 
0
j
are independents over Q .
First we remark that Equation (2.5) is not satisfy: the oeient of 
i
1
and 
0
j
0
is dierent.
Seondly, Equation (2.6) must be trivial (that is we must obtain 0 = 0). Comparing
the oeients on the length of the intervals and using relation (2.4) we get that  does
not satisfy the ondition Irred
2
.
Proposition 5 is proved.
Irreduibility
Denition 2. We say that  is irreduible if  is weakly irreduible and satises the
ondition Irred
2
.
There is obviously many generalized permutations whih are weakly irreduible but
does not satisfy the ondition Irred
2
; for instane the permutation of Example 3.
In Chapter 3 we onsider a partiular lass of generalized permutations for whih the
ondition Irred
2
is a onsequene of the weak irreduibility.
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2.2.5 A geometri property
We want to use the notion of irreduibility of a generalized permutation  to obtain some
properties on the vertial foliation on the surfae S(; ) for spei . By onstrution,
we always have a vertial separatrix () on the surfae S. We normalize its length to 1.
The next Proposition is obviously the onsequene of Remark 4 and Proposition 5.
Proposition 6. Let  be an irreduible permutation. Let us normalize the length of the
anonial vertial separatrix () to 1 on the orresponding surfae S = S(; ) obtained
by suspension over . Then there exists a full Lesbesgue measure set of admissible vetors
 suh that all vertial separatries , dierent from (), on the at surfae S(; ), if
any, veries
jj  3
Proof of Proposition 6. The proof is obvious using Remark 4 and Proposition 5: the length
of any separatrix is an integer dierent from 1 and 2 for a full Lesbesgue measure set.
This ondition is related to the notion of multipliity of a separatrix (see setion 2.3.3
below). We will prove that, under this ondition, the vertial saddle onnetion () an
be ollapsed to a point.
For true permutations, irreduibility oinides with the lassial denition. Moreover
the Keane ondition implies the i.d.o.. property for the orresponding interval exhange
map as soon as all 
i
are independents over Q (see [Ke℄). Thus for true permutations,
we obtain that vertial ritial leaves satisfy jj = 1, exept for the anonial vertial
separatrix ().
2.2.6 Irreduibility and weakly irreduibility
Here we present a lass of permutations for whih the irreduibility is a onsequene of the
weakly irreduibility.
Condition (). Let  be a generalized permutation. We suppose that there exist only one
index i
0
 n (respetively j
0
 n+ 1) suh that (i
0
)  n (respetively (j
0
)  n+ 1).
We an translate this ombinatoris ondition in terms of at surfaes. Let S denote
the at surfae obtained by suspension over  with an arbitrary admissible vetor. Then
one an see that the above ondition is equivalent to the following one:
there exists exatly two separatrix loops 
1
and 
2
suh that for all other separatrix loop
, the two orresponding intervals 
1
and 
2
are not in the same horizontal side of the
straight ylinder Sn ( ).
Obviously, if  satisfy the ondition () then the weak irreduibility imply the irre-
duibility.
2.2.7 Cyli order
We always assume that the elements of the submultisets Y
1
and Y
2
of a generalized per-
mutation (for the rst Denition) are organized in the natural yli order. Say, for the
permutation of Example 2 we have 1 7! 2 7! : : : 7! 4 7! and 6 7! 6 7! 1 7! 5 7! 2 7!. We
dened a natural equivalene relation on the set of generalized permutation by rotating
2.3.

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elements of the multi-set Y
1
and Y
2
. For example, permutation of Example 2 is equivalent
to the following one
 

5 4 1 2 3 4 3
5 2 6 6 1

=

1 2 3 4 5 2 4
1 5 6 6 3

Note that this relation does not preserve the ondition of irreduibility but by onstru-
tion, it preserves the stratum and also the onneted omponent. This ombinatorial
transformation orresponds to the ation of the horoyli ow on the suspension S(; ):
it preserves the ylinder and twist the boundary.
2.3

Homologous saddles onnetions
2.3.1 Canonial double overing and homologial group
Let S be a half translation surfae with non-trivial holonomy. We denote by ^ :
^
S ! S
the standard orientating double overing (see setion 1.3.1). Let  be a ompat separatrix
on S. We onsider 
+
and 
 
the two lifts of  by ^. We hoose an orientation of . So,
aording to this hoie, we an dene
^ = [
+
℄  [
 
℄
(^ is well dened up to a sign). If P
i
denote singularities of  on S and
^
P
i
singularities
of ^

 = (!^)
2
on
^
S, we note by H
+
1
(
^
S; f
^
P
i
g; C ) the rst homologial group invariant with
respet to the involution and H
 
1
(
^
S; f
^
P
i
g; C ) the rst homologial group anti-invariant
with respet to the involution (see setion 1.3.2). By denition:
^ 2 H
 
1
=
2.3.2

Homologous saddles onnetions
We say that two losed loops  and  are

homologous if orresponding loops ^ and ^ on
^
S
are proportional in the group H
 
1
. Note that this denition does not depend of hoie of
orientation of yles neither hoie of diretion on S. Moreover,  and  do not need to be
losed. For instane, we an have a saddle onnetion (homeomorphi to a segment) whih
is

homologous to a separatrix loop (homeomorphi to a irle). The following Proposition
gives a neessary ondition for two separatries to be

homologous (see [MaZo℄ for details)
Example 4. In Figure 2.1, one an see that the vertial saddle onnetion () and the
vertial separatrix loop  are

homologous. More preisely, we have
[
d
()℄ = [^℄
Proposition 7. If  and  are two

homologous separatrix (saddle onnetion or separatrix
loop), then they are parallel and their length satisfy (with respet to the transverse measure)
jj
jj
2
(
1; 2;
1
2
)
Proof of Proposition 7. See [MaZo℄.
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2.3.3 Multipliity
Multipliity of a separatrix
Let  be a separatrix. We say that  has multipliity n if there exists exatly n dierent
separatries

homologous to . In the next, we are interested to obtain separatries of
multipliity 1.
Multipliity of a simple ylinder
Here we give the Denition of a simple ylinder.
Denition 3. Let S be a at surfae. Let us assume that S possesses a ylinder (in the
horizontal diretion). We say that this ylinder is simple if eah boundary omponent of
it is a single ompat separatrix
A lassial way to obtain simple ylinders on a surfae is the onstrution bubbling a
handle at a singularities (see Figure 1.2).
We say that the simple ylinder has multipliity n if the the multipliity of the orre-
sponding separatrix is n.
2.4 Properties of surgeries of Chapter 1
In this setion, we give some properties onerning onstrutions desribed in Chapter 1.
We denote by (S;  ) a at surfae in the stratum Q(k
1
; : : : ; k
n
). We will onsider the two
surgeries break up a singularity and bubbling a handle on a point P
i
on S of order k
i
for
the quadrati dierential  . We want to give neessary and suient onditions, in terms
of homology, to obtain surfaes by the surgery break up a singularity and bubbling a
handle.
2.4.1 Properties of breaking up a singularity
Multipliity 1 and surgery breaking up a singularity
Let S
0
be onstruted from S by breaking up the zero P 2 S into two zeroes P
1
2 S
0
and P
2
2 S
0
. The saddle onnetion , between P
1
and P
2
on S
0
, an be hosen arbitrary
small with respet to the other. In partiular, Proposition 7 imply that
mult() = 1
Reiproally, it is possible to show that if a surfae S
0
, with two zeroes P
0
1
and P
0
2
, possesses
a saddle onnetion , between these two points, of multipliity 1 then it is possible to
ollapse this saddle to a point to obtain a non-degenerated Riemann surfae. In other
word this surfae is obtained from a surfae in a lower dimentionnal stratum, by breaking
up a zero P into the two zeroes P
0
1
and P
0
2
.
We rst present an informal argument how to ollapse a saddle onnetion of multi-
pliity one. Then we give the general statement.
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How to ollapse a saddle onnetion ?
Let us assume that we have obtained a surfae S(; ) suh that the vertial saddle on-
netion () has multipliity 1. Reall that it is the ase for a full Lebesgue measure set
of  when the generalized permutation is irreduible. For simpliity, we assume that this
surfae is in the stratum Q(k; 4g   4  k); the general ase is similar.
The surfae has two onial singularities of angle (k+2) and (4g   2  k). So there
are preisely 4g intervals on the horizontal sides of the orresponding retangle. Let us
deform slightly these horizontal intervals of the retangle to obtain a polygon in C (see
Figure 2.4). The ontinuous deformation family belongs to a x onneted omponent. We
an ompute omplex parameters responsible for this deformation: there are 4g intervals
whih are identifying one-to-one, so it produes 2g omplex parameters. There is also the
vertial parameter. In addition, we have a restrition given by the equation on the length
of the perimeter of the ylinder. So we obtain
2g + 1  1 = 2g omplex parameters
Aording to Masur and Veeh, the omplex dimension of the orbifold Q(k; 4g   4  k) is
dim
C
Q(k; 4g   4  k) = 2g + 2  2 = 2g
So we obtain a small open set inside this stratum.
For eah surfaes in this open set, there exists a saddle onnetion of multipliity
one. Thus we an present, by deformation of theses surfaes in this partiular onneted
omponent, a polygon with a small vertial saddle onnetion (see Figure 2.4).
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4
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Figure 2.4: Let us onsider the following two polygons in R
2
. We make identiations on
the boundary aording to the number of intervals by the following way: we identify the
orresponding intervals 5 and 6 by a entrally symmetry. We identify the orresponding
intervals 0; 1; 2; 3; 4 by a translation. The resulting spaes are Riemann surfaes S of genus
3. The form dz
2
is ompatible with identiations so it indues two quadrati dierentials
 
1
and  
2
on S. For the polygon on the left, one an hek that the white bullet give a
zero with onial angle of 6 and the blak bullet give a zero with onial angle of 6. In
other word, we obtain a point [S;  
1
℄ inside the stratum Q(4; 4). With the same type of
arguments, [S;  
2
℄ 2 Q(8). One an see that we an ollapse the vertial saddle onnetion
numbered 0 on S to a single point. The resulting surfae is the non-degenerated at surfae
(S;  
2
).
One an easily see that we an ollapse the vertial saddle onnetion () to a point
to obtain a regular Riemann surfae endowed with a at metri with a single onial
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singularity of angle (4g   2); that is a zero, for the orresponding quadrati dierential,
of degree 4g   4.
Now, we give a preise announed and proof of the above result.
Proposition 8. Let [S
0
;  
0
℄ 2 Q(k
1
; : : : ; k
n
) be a at surfae with multipliity 1 saddle
onnetion between the two dierent singularities P
i
and P
j
. Then there exists a at
surfae [S;  ℄ 2 Q(k
1
; : : : ;
^
k
i
; : : : ;
^
k
j
; : : : ; k
n
; k
i
+ k
j
) suh that we an break up the zero
of order P
i
+ P
j
on S into two zeroes of order P
i
and P
j
to obtain the surfae (S
0
;  
0
).
Here, the notation (k
1
; : : : ;
^
k
i
; : : : ; k
n
) stands for the list where we forgot the index k
i
.
Proof of Proposition 8. We present a proof of this result in the ase where the surgery is
loal that is k
i
and k
j
are not both odd. For instane, we onsider the ase where k
i
and
k
j
are even. For the general ase we refer to [MaZo℄.
Let us assume that (S;  ) has a multipliity 1 saddle onnetion. This property is
dened in terms of the homology of S thus, the ohomologial oordinates imply that
this property is true in a small open set of [S;  ℄ inside the orresponding stratum. This
property is also stable by the geodesi ow, so ergodiity of this ow give us a full measure
set of surfaes with a saddle onnetion of multipliity 1, inside the onneted omponent.
In other words, we an assume that the saddle onnetion whih has multipliity 1 has
length " and all other separatries (in the same diretion) have length at least "+ 1. Now
let us onsider a metri neighborhood U of the two points P
i
and P
j
on S. That is the
reunion of k
i
+ k
j
+ 2 half Eulidian diss. This is possible with assumption on the parity
of k
i
and k
j
(we present suh neighborhood in Figure 1.1).
The length of this saddle onnetion an be hosen arbitrary small with respet to the
other thus we an assume that there is no other separatrix in U . Now we an take this
open set U and onstrut loally a single zero of order k
i
+k
j
(see Lemma 1). The resulting
surfae (S
0
;  
0
) satisfy to the Proposition.
Proposition 8 is proved.
Lift of paths
We onsider the surgery breaking up a singularity at the point P
i
. Let us denote the
resulting surfae (S
0
;  
0
) in the orresponding stratum Q(k
1
; : : : ; l; r; : : : ; k
n
) with k
i
= l+r.
We suppose in addition that l and r are not odd at the same time. There are many ways
to break up the singularity into two singularity of order l and r. One an see that the
surgery is loal: the at metri does not hange outside of a small neighborhood of the
singularity P
i
. Hene all surfaes (S
0
;  
0
) obtained by breaking up the zero P
i
of order k
i
into two zeroes of order l and r belong to the same onneted omponent. Moreover, this
onstrution allows us to obtain a ber bundle
Q(k
1
; : : : ; l; r; : : : ; k
n
)! Q(k
1
; : : : ; k
n
)
with bers homeomorphi to a produt of two omplex diss. Thus we have
Proposition 9. Let [S
0
;  
0
℄ 2 Q(k
1
; : : : ; l; r; : : : ; k
n
) be as above.
Let  : [0; 1℄  ! Q(k
1
; : : : ; k
n
) be any ontinuous path with (0) = [S;  ℄. Then we an
onstrut a ontinuous path 
0
: [0; 1℄  ! Q(k
1
; : : : ; l; r; : : : ; k
n
) with 
0
(0) = [S
0
;  
0
℄ by
breaking up the singularity P
i
of the at surfae (t).
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We will reformulate these results in terms of adjaeny and loal onnetedness in
Chapter 4.
2.4.2 Properties of bubbling a handle
Multipliity 1 and simple ylinder
We onsider the surgery bubbling a handle at the point P
i
. Let us denote the resulting
surfae (S
0
;  
0
) in the orresponding stratum Q(k
1
; : : : ; k
i
+ 4; : : : ; k
n
). We suppose in
addition that the angle between the two new setors is not odd if k
i
is even (see Chapter 1
for details). One an prove easily the following two Propositions. Essentially, it is a diret
orollary of the previous Proposition in terms of the surgery breaking up a singularity.
Let [S;  ℄ 2 Q(4g   4) be a point with g  3. Let S
0
be onstrut from S by bubbling
a handle to the unique zero of S. By onstrution, the separatrix loop , whih is the
boundary omponent of the additional ylinder, an be hosen arbitrary small with respet
to the other (see setion 1.2). Thus Proposition 7 imply that
mult() = 1
Reiproally, it is possible to show that if a surfae S
0
in the minimal stratum of genus
g, possesses a simple ylinder of multipliity 1, then it is possible to shrink this ylinder.
In other word this surfae is obtain from a surfae in the minimal stratum of genus g   1,
by bubbling a handle at the unique zero of the dierential.
How to shrink a simple ylinder ?
It is easy to see that the two onstrutions bubbling a handle and breaking up a singu-
larity are related. Using this relation and Proposition 8, we easily prove
Proposition 10. Let [S
0
;  
0
℄ 2 Q(4g   4) be a at surfae with a simple ylinder of
multipliity 1. Then there exists a at surfae [S;  ℄ 2 Q(4(g   1)   4) suh that we an
bubbling a handle at the unique zero of  on S to obtain the surfae (S
0
;  
0
).
Proof of Proposition 10. In Figure 2.5 we give the relation between the two above on-
strutions. Then Proposition 10 is a diret orollary of Proposition 8.
Lift of paths
Proposition 11. Let [S
0
1
;  
0
1
℄, [S
0
2
;  
0
2
℄ be two points in the stratum Q(k
1
; : : : ; k
i
+4; : : : ; k
n
).
Suppose that these surfaes are obtained by bubbling a handle at the same zero P
i
of a
surfae [S;  ℄ in Q(k
1
; : : : ; k
n
). In addition let us assume the angle between the new setors
is the same in the two onstrutions.
Then [S
0
1
;  
0
1
℄ and [S
0
2
;  
0
2
℄ belong to the same onneted omponent of the stratum
Q(k
1
; : : : ; k
i
+ 4; : : : ; k
n
).
The following Proposition is a diret orollary of the Proposition 9
Proposition 12. Let  : [0; 1℄  ! Q(k
1
; : : : ; k
n
) be any ontinuous path with (0) = [S;  ℄.
Then we an onstrut a ontinuous path 
0
: [0; 1℄  ! Q(k
1
; : : : ; k
i
+ 4; : : : ; k
n
) with

0
(0) = [S
0
;  
0
℄ by bubbling a handle at the singularity P
i
along the path .
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Figure 2.5: On the left, the diagram represent a simple ylinder attahed to a zero of
order 8. We ut the surfae along this ylinder to obtain two

homologous separatrix loops

1
; 
2
. We an deform the at metri to obtain a at surfae with two singularities. The
degree of these saddles depends of the degree of the initial zero and the angle between

1
and 
2
. Here we have a zero of order 8 and the angle between the setor is 4. Thus
we obtain two zeroes of order 2. If the initial simple ylinder has multipliity 1, then the
multipliity of the saddle onnetion  is 1. Applying Proposition 8, we an ollapse this
saddle onnetion to a point. The resulting surfae is a non-singular Riemann surfae. At
the point P , the dierential has a zero of order 4.
The map 
We want to desribe preisely properties of the surgery bubbling a handle. In this setion
we formalize this notion. For our main lassiation program, we need to onsider only
two strata but all results an easily be generalized when onstrutions are loal.
Let Q( 1; 4g   3) be a stratum in genus g  2. Let C be a onneted omponent of
this stratum and [S;  ℄ 2 C be a point. We onstrut the at surfae (S
0
;  
0
) from (S;  )
by the surgery bubbling a handle at the unique zero of  with orresponding parameters:
arbitrary ontinuous parameters and disrete parameter s (angles between the two new
setors). By Proposition 12, the onneted omponent C
0
 Q( 1; 4g + 1) whih ontains
the point [S
0
;  
0
℄ does not depends of [S;  ℄ inside C. Moreover, Proposition 11 asserts that
for s x, the omponent C
0
does not depends of hoie of ontinuous parameters. In other
word, we have as an immediately orollary
Lemma 5. With above notations, the following map
 : 
0
(Q( 1; 4g   3)) N ! 
0
(Q( 1; 4g + 1))
(C; s) 7! C  s := C
0
is well dened for all g  2.
Here 
0
(E) denote the set of onneted omponent of the topologial spae E.
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Remark 5. In Appendix, we give an example of a at surfae in the stratum Q(2; 6)
and we present two ways to obtain surfaes from our initial surfae using the surgery
bubbling a handle on the zero of order 6. The angle between the two additional setors
in the two onstrutions is 3. Thus we obtain two points inside the stratum Q(2; 10).
The surgery is not loal. We desribe one way to obtain a point inside the hyperellipti
onneted omponent of the stratum Q(2; 10) and one way to obtain a point inside the
non-hyperellipti onneted omponent.
In this sense, the map  does not extend when the surgery is not loal
Nevertheless, a onsequene of Theorem 6 is that this map is also well dened for the
minimal stratum. Namely, the following Lemma holds
Lemma 6. With the above notation, the following map
 : 
0
(Q(4g   4))  N ! 
0
(Q(4g))
(C; s) 7! C  s := C
0
is well dened for all g  3.
Note that in the two above Lemma the orresponding angle between the two new setors
is hosen modulo 2g hene we an x s 2 f1; : : : ; 2gg.
We an easily prove the following properties for the map 
Property. Let us x C a onneted omponent of a stratum in genus g  5. The map 
satisfy the three following properties
  is ommutative on the right: C  s
1
 s
2
= C  s
2
 s
1
for all s
1
; s
2
.
 C  s
1
 s
2
= C  (s
2
  2) (s
1
+ 2) if s
2
 3
 C  s
1
 s
2
= C  (s
2
  4) s
1
if s
2
  s
1
 4
Proof. The proof is obvious using the desription in terms of diagrams.
2.5 Two fundamentals observations
Here we present two fundamentals observations. We give some onditions on a generalized
permutation  suh that the suspended at surfae S(; ) is obtain by one of the two
surgeries breaking up a singularity or bubbling a handle) on a zero on a surfae.
2.5.1 Breaking up a singularity
Here we translate the surgery breaking up a singularity in terms of the ombinatoris of
the generalized permutation.
Let  be a generalized permutation. Reall that for an admissible vetor , there is
a anonial separatrix () on the at surfae S = S(; ) (see above onstrution in
setion 2.2). By Proposition 6 and property of

homologous separatrix of Proposition 7,
one an easily dedued the following
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Corollary 2. Let  be a generalized permutation. We onsider the half-translation surfae
S = S(; ). If  is irreduible then there exists a full Lesbesgue measure set of  suh that
the orresponding separatrix () on S satises
mult(()) = 1
Proposition 13. Let us assume that the vertial separatrix () on S(; ) is a saddle
onnetion. Let also assume that  is irreduible.
Then the surfae S is obtained by the surgery breaking up a singularity on a surfae
in a lower dimensional stratum.
In Chapter 4, we alulate all omponents whih ontain above surfae. That is, we will
show any onneted omponent (in genus greater than 4) is either hyperellipti or attahed
to the minimal stratum. Surprisingly, the answer is quite diult and we nd that some
omponent, in small genera, is not hyperellipti neither adjaent to the minimal stratum.
2.5.2 Bubbling a handle
In the following, we will use the pratial notation:
Notation. Let  be a generalized permutation of the set f1; : : : ; n+mg. Let also assume
that it satises (1) = n+1. Then we denote by ^ the restrited generalized permutation
of the set f
b
1; 2 : : : ; n;
[
n+ 1; n + 2; n +mg; where
^
i says that we forgot the orresponding
element i. In notation of tabular, this gives
 =

0 A
0 B

and ^ =

A
B

Clearly, the surfae S(; ), with  as above, possesses a simple ylinder in the vertial
diretion (see also Figure 2.6).
Thus, using Corollary 2 one an dedued easily the following
Proposition 14. Let us onsider a at surfae S(; )  Q
g
(4g   4). Let also assume
that ^ is irreduible.
Then the surfae S is obtained by the surgery bubbling a handle on a surfae in a the
stratum Q
g 1
(4g   8).
In terms of Lemma 6, this Proposition asserts that the map
 : 
0
(Q
g 1
(4g   8)) N ! 
0
(Q
g
(4g   4))
is surjetive for all g  4.
2.5. TWO FUNDAMENTALS OBSERVATIONS 55
PSfrag replaements
P
P
P
P
P P
P

1

2
 


4
Figure 2.6: Here on the left, the gure represents a at surfae of the form S(; ). In
the vertial diretion, one an easily see that there is a simple ylinder. The boundary
omponent of this ylinder is (). On the gure on the right, we have represented the
diagram of the vertial foliation on S. In this example, the angle of this ylinder is 4 (or 6
is we onsider the omplementary angle). If the generalized permutation ^ is irreduible,
one an hoose lengths of horizontal parameters in the way that (pi) has multipliity 1.
In this ase this surfae is obtained from a surfae in genus g   1, where g =genus(S), by
bubbling a handle (see Figure 1.3).
In Chapter 3, we alulate all omponents of the minimal stratum whih ontain above
surfae. That is, we will show that any onneted omponent (in genus greater than 4)
is aessible by onsidering the surgery bubbling a handle on a surfae in a lower genus
stratum.
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Chapter 3
Representative elements
In this Chapter, we give a bestiary of half-translations surfaes. We present the surfaes
(S;  ) in terms of generalized permutations. Reall that, in order to proof our lassiation
result, the seond step is that any onneted omponent, exept 3 partiulars ases, is either
hyperellipti or attahed to the minimal stratum.
Here we give a family of representative elements of any hyperellipti onneted ompo-
nent. We also give a representative element of the three partiular ase disussed above:
we all it the irreduible onneted omponent.
On the last setion, we use these elements to obtain some properties on the adjaeny
inside the moduli spae Q
g
.
3.1 Hyperellipti onneted omponents
We want to onstrut representatives elements for hyperellipti onneted omponents. Let
us x r and l arbitrary non-negative integers. We onsider the generalized permutation

1
(r; l) given by Figure 3.1.

1
(n;m) =

0
1
1 : : : r 0
1
l + 1 : : : r + l
r + l : : : r + 1 0
2
r : : : 1 0
2

Figure 3.1: A permutation of type (r; l). For instane, when r = 4 and l = 0, it orresponds
to the stratum Q( 1; 1; 3; 3).
3.1.1 Representative elements
We would like to identify the stratum whih ontains surfaes onstrut by suspension
over the permutation 
1
(n;m). It depends of the parity of the two integers r and l. More
preisely, we have
Lemma 7. Let (S;  ) be the surfae given by S(
1
(r; l); ) for an admissible vetor . If
r and l are odd then S has two singularities. If r and l have dierent parities then S has
three singularities. If r and l are even then S has four singularities. The following tabular
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give the type of singularities in terms of r and l
r l stratum whih ontain [S;  ℄
2k + 1 2(g   k)  3 Q( 4k + 2 ; 4(g   k)  6 )
2k + 2 2(g   k)  3 Q( 2k + 1 ; 2k + 1 ; 4(g   k)  6 )
2k + 2 2(g   k)  2 Q( 2k + 1 ; 2k + 1 ; 2(g   k)  3 ; 2(g   k)  3 )
Proof of the Lemma. It is obvious by diret omputation of the type of singularities.
Aording to Chapter 1, the above strata ontain an hyperellipti onneted ompo-
nent. We an ask if these points, dened by [S(
1
(r; l));  ℄, belong in this hyperellipti
omponent. This is done by the following
Lemma 8. For any , surfaes S(
1
(r; l); ) belong to the hyperellipti onneted ompo-
nents of the orresponding stratum.
Proof of Lemma 8. Here we present the proof in the rst ase; that is r and l are odd. The
other are similar. Take r = 2k + 1 and l = 2(g   k)  3. We onsider the retangle
R =
#
 
r + l
2
  1;
r + l
2
+ 1
"
 ℄  1; 1[
We denote by  : R ! R the involution of R given by (x; y) = ( x; y). Obviously, 
indues a global involution on the surfae S
0
= S(
1
(r; l); ). We denote still it by  . By
Lemma 7, [S
0
;  
0
℄ belongs to the stratum Q(4k + 2; 4(g   k)  6).
Reall that the hyperellipti omponent of this stratum is, by denition, the image of
the map
Q(2k; 2(g   k)  4; 1
2g
)! Q(4k + 2; 4(g   k)  6)
[P
1
; dz
2
℄ 7! [S; 

dz
2
℄
In order to prove that [S
0
;  
0
℄ belongs to the hyperellipti omponent, we have to
onstrut a double ramied overing  : P
1
! S
0
suh that 

dz
2
=  
0
.
Let us ount the number of xed point of the map  :
 There are r + l xed points of  on the horizontal sides of R loated at the middle
of the intervals (preisely at the middle of separatrix loops).
 There is a xed point loated at the middle of the vertial side.
 There is a xed point loated at the point (0; 0).
 There are 2 xed points whih orresponds to the two zeroes of  
0
.
Thus the total number of xed points of  on S
0
:
n+m+ 1 + 1 + 2 = 2k + 1 + 2(g   k)  3 + 4 = 2g + 2
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The RiemannHurwitz formula imply that the genus of S /(x  (x)) is zero. Let us
onsider the projetion map
 : S
0
! P
1
It is easy to hek that above overing gives the announed statement.
Lemma 8 is proved.
Remark 6. We an also onstrut other representative elements for hyperellipti onneted
omponents. For instane we an prove, using the same way, that surfaes S(
2
(r; l); ),
with 
2
(r; l) given by the permutation of Figure 3.2, belong to the hyperellipti onneted
omponent of the orresponding stratum (whih depends also of the values of r and l).

2
(n;m) =

1 : : : r 1 : : : r
r + 1 : : : r + l r + 1 : : : r + l

Figure 3.2: A permutation of type (r; l). For instane, when r = 4 and l = 1, it orresponds
to the stratum Q( 1; 1; 6).
Here we present a result whih is a orollary of a general result proved in Chapter 4.
Corollary 3. Let [S;  ℄ be a point in an hyperellipti onneted omponent. Suppose that
in the horizontal diretion, the surfae deompose into one ylinder. Let  denote the
orresponding generalized permutation (well dened up to the yli order). Then there
exists non-negatives integers r; l and i 2 f1; 2g suh that
 = 
i
(r; l)
3.1.2 Hyperellipti strata in low genera
Here we present, as a onsequene of these ombinatoris objets, an independent ombi-
natoris proof of the following Theorem of Masur and Smillie (see [MaSm℄):
Theorem. The following strata are empty
Q(;);Q(1; 1) (in genus g = 1) and Q(4);Q(1; 3) (in genus g = 2)
Proof of the Theorem. Let us assume that the stratum Q(4) is non-empty. By breaking
up a singularity at the unique zero of a point in this stratum, we obtain a point in
a non-hyperellipti omponent of the stratum Q(2; 2) (see Chapter 4). Now we prove
that this stratum is onneted and equals to its hyperellipti omponent whih leads to a
ontradition.
We an alulate all generalized permutations (up to a yli order) whih produed
by suspension at surfaes in the stratum Q(2; 2). We obtain only two permutations (up
to a yli order) whih are

1
=

1 2 1 3
4 3 4 2


2
=

1 2 1 2
3 4 3 4

Aording to Lemma 8, these two permutations give rise to surfaes in the omponent
Q
hyp
(2; 2). So it proves Q(2; 2) is onneted and hene the stratum Q(4) = ;.
We an proeed with the by the same way for the strata Q(1; 1) and Q(1; 3) by
onsidering respetively the onneted hyperellipti strata Q( 1; 1; 2) and Q(1; 1; 2).
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3.2 Irreduible onneted omponents
3.2.1 The stratum Q( 1; 9)
Let [S
0
;  
0
℄ 2 Q( 1; 9) be the partiular at surfae dened by Figure 3.3. See also
Figure 3.4 whih present a suspension over the orresponding permutation. We all the
irreduible onneted omponent Q
irr
( 1; 9), the omponent of Q( 1; 9) whih ontains
this point.

0 1 2 3 4 0
4 3 2 5 1 5

Figure 3.3: This permutation gives rise by suspension at surfaes with two singularities
for the metri, of angle  and 11. In other words, it produes a ontinuous family of
points inside the stratum Q( 1; 9).
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Figure 3.4: Let us onsider the following polygon in R
2
. We make identiations on the
boundary aording to the number of intervals. If two intervals are in the same boundary
omponent, we identify them by a entrally symmetry and else we identify them by a
translation. We also identify the two vertial by a translation. The resulting surfae is a
Riemann surfae S of genus 3. The form dz
2
is ompatible with identiations so it indue
a quadrati dierential  on S. One an hek that the white bullet give a pole for the
dierential and blak bullets give a single zero with onial angle of 11. So in other word,
we obtain a point [S;  ℄ inside the stratum Q( 1; 9). Here [S;  ℄ belongs to the omponent
Q
irr
( 1; 9).
3.2.2 The stratum Q( 1; 3; 6)
Let [S
1
;  
1
℄ 2 Q( 1; 3; 6) be the partiular at surfae dened by Figure 3.5. We all
the irreduible onneted omponent Q
irr
( 1; 3; 6), the omponent of Q( 1; 3; 6) whih
ontains this point.

0 1 2 3 4 5 0
5 4 3 2 6 1 6

Figure 3.5: This permutation gives rise by suspension at surfaes with three singularities
for the metri, of angle , 3 and 8. In other words, it gives points inside the stratum
Q( 1; 3; 6).
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3.2.3 The stratum Q( 1; 3; 3; 3)
Let [S
2
;  
2
℄ 2 Q( 1; 3; 3; 3) be the partiular at surfae dened by Figure 3.6. We all
the irreduible onneted omponentQ
irr
( 1; 3; 3; 3), the omponent ofQ( 1; 3; 3; 3) whih
ontains this point.

0 1 2 3 4 5 6 0
6 5 3 2 7 4 1 7

Figure 3.6: This permutation gives rise by suspension at surfaes with three singularities
for the metri of angles 5 and one singularity of angle . In other words, it gives points
inside the stratum Q( 1; 3; 3; 3).
3.2.4 The minimal stratum Q(12)
We denote by Q
I
(12) the onneted omponent of the stratum Q(12) whih ontain the
surfae [S
3
;  
3
℄ given in Figure 3.7. We all Q
II
(12) the onneted omponent of Q(12)
whih ontain the surfae [S
4
;  
4
℄ given in Figure 3.8.
We an hek that the vertial foliation gives a diagram of separatries with a handle
of angle 2 for the rst surfae and a handle of 6 for the seond surfae. Using notations
of Chapter 2, we have
Q
I
(12) := Q(8)  2
and
Q
II
(12) := Q(8)  6

1 2 3 4 2 5 6
1 4 5 7 6 7 3

Figure 3.7: This permutation gives rise by suspension at surfaes with only one singularity
for the metri. The onial singularity has angle 14. In other words, it gives point inside
the stratum Q(12). We all Q
I
(12) the onneted omponent whih ontain this point.

1 2 3 4 3 5 6
1 5 7 4 2 6 7

Figure 3.8: This permutation gives rise by suspension at surfaes with only one singularity
for the metri. The onial singularity has angle 14. In other words, it gives point inside
the stratum Q(12). We all Q
II
(12) the onneted omponent whih ontain this point.
In Chapter 4, we present a proof for the desription of onneted omponent whih
ontains a multipliity one saddle onnetion. The statement of our result is that any
non-hyperellipti and any non-irreduible omponent is attahed to the minimal stratum.
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Chapter 4
Adjaeny
In Chapter 1, we have desribe some onneted omponents inside
a partiular stratumQ(k
1
; k
2
; k
3
; : : : ; k
n
) whih are aessible by the surgery breaking
up a singularity on a surfae in the stratum Q(k
1
+ k
2
; k
3
; : : : ; k
n
). In general, it is not
true for all onneted omponents. In this Chapter, we want to lassify all omponent of
suh type: those whih possess a surfae with a saddle onnetion between two singularities
whih we an ollapse it to a point. The problem is not trivial: given a generi surfae with
a saddle onnetion, if we ollapse this saddle, the resulting surfae ould be a degenerated
Riemann surfae and we do not onsider this type of surfaes for our problem. In other
words, we do not onsider the ompatiation of the Modular spaes. In Figure 4.1 we
present an example of a ollapse of a saddle onnetion whih leads to a degenerated
surfae.
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Figure 4.1: Let us onsider the following polygon in R
2
given by the gure on the left.
We make identiations on the boundary, aording to the number of the intervals, by
translation. The form dz indues a holomorphi 1 form on the quotient surfae. Obviously,
we obtain a point [S; !℄ inside the stratumH(1; 1). The saddle onnetion 
1
is homologous
to 
2
. Thus if we deform the at metri to ollapse 
1
to a point, the resulting surfae S
0
would be a degenerated surfae.
First, we give some examples of onneted omponents whih are not aessible by
breaking up a zero on a surfae in a lower strata. That is, omponent C for whih for
any at surfae [S;  ℄ in C, and for any saddle onnetion on S, if we ollapse this saddle
onnetion to a point, the resulting surfae would be a degenerated Riemann surfae. Then
lassify all omponents whih ontain a surfae with a ontratible saddle onnetion.
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4.1 Flat surfaes and Breaking up a singularity
4.1.1 Multipliity one and Breaking up a singularity
Here we reall the neessary and suient onditions in terms of homology to obtain
surfaes by the surgery break up a singularity (see setion 2.4.1).
Let S
0
be onstruted from S by breaking up the zero P 2 S into two zeroes P
1
2 S
0
and P
2
2 S
0
. The saddle onnetion , between P
1
and P
2
on S
0
, an be hosen arbitrary
small with respet to the other. In partiular, Proposition 7 imply that
mult() = 1
Reiproally, if a surfae S
0
, with two zeroes P
1
and P
2
, possesses a saddle onnetion ,
between these two points, of multipliity 1 then it is possible to ollapse this saddle to a
point to obtain a non-degenerated Riemann surfae. In other word this surfae is obtained
from a surfae in a lower dimentionnal stratum, by breaking up a zero P into the two
zeroes P
1
and P
2
.
4.1.2 Exeptionnal ases
Here we desribe some onneted omponents whih does not ontain any at surfae with
a saddle onnetion of multipliity 1 (between two dierent zeroes).
Hyperellipti onneted omponents
Proposition 15. Let [S;  ℄ 2 Q
hyp
(4(g   k)   6; 4k + 2) be a point in the hyperellipti
onneted omponent of the stratum Q(4(g   k)   6; 4k + 2). Then any saddle onnetion
on S has multipliity at least 2.
Proof. Let [S;  ℄ 2 Q
hyp
(4(g   k)  6; 4k + 2) be a at surfae.
By onstrution, there is a anonial element in the ane group of S: the hyperellipti
involution
 2 A(S;  )
Suppose that  is a saddle onnetion on S between the two dierent zeroes of  . Then
() is also a saddle onnetion. It is lear that () 6= : by onstrution (see 1.3.3), 
xes the two distint zeroes and  is dierent from the identity map. One an see that
[^℄ = [
^
()℄ on the orientating anonial double overing
^
S. In other word,  and () are
two dierent

homologous saddle onnetion. Thus we have
mult()  2 for any saddle onnetion  on S
Proposition 15 is proved.
In this terms, there is no surfae in this hyperellipti onneted omponent whih is
onstruted from a surfae in the minimal stratum Q(4g  4) by breaking up the zero into
two zeroes.
Obviously, we an prove a similar statement for the hyperellipti onneted omponent
Q
hyp
( 1; 1; 4g   2)
Proposition 16. Let [S;  ℄ 2 Q
hyp
( 1; 1; 4g 2) be a point in the hyperellipti onneted
omponent of the stratum Q( 1; 1; 4g   2). Then any saddle onnetion on S, between
the zero and a pole, has multipliity at least 2.
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The genus 2
Aording to [MaSm℄, the stratum Q(4) is empty. Thus we have obviously a similar result
for the strata Q( 1; 5) and Q(2; 2). Note that the last stratum is ontained in the list of
Proposition 15: Q(2; 2) = Q
hyp
(4(g   k)  6; 4k + 2) with g = 2 and k = 0.
Proposition 17. Let [S;  ℄ 2 Q( 1; 5) be a point. Then any saddle onnetion on S has
multipliity at least 2.
Notation
Let us denote by [S
0
;  
0
℄ 2 Q( 1; 9) the partiular at surfae (see Fig 3.3). We all
irreduible onneted omponent Q
irr
( 1; 9) the onneted omponent of Q( 1; 9) whih
ontains this point.
In Appendix, using Rauzy lasses, we prove a similar statement on the multipliity of
saddle onnetions on surfaes in the irreduible omponent Q
irr
( 1; 9). In this Chapter,
we will not use this result. The proof that we will present in the next fails for this partiular
omponent. That explains why we onsider this hoie.
4.2 Main result of this Chapter
In this setion, we want to prove that, exept the above desribed partiular onneted
omponents, all other possess a surfae with a multipliity 1 saddle onnetion; that is a
saddle onnetion whih we an ollapse to a point.
For the hyperellipti onneted omponent Q
hyp
(4(g k)  6; 4k+2), the hyperellipti
onneted omponent Q
hyp
( 1; 1; 4g   2) and the stratum Q( 1; 5) it is a neessarily
ondition (see Propositions 15, 16 and 17).
For the irreduible onneted omponent Q
irr
( 1; 9) the proof whih we are going to
desribe fails in this speial ase. In Appendix, we will see that in fat, this omponent
satisfy a property as above: any saddle onnetion (between the zero and the pole) of any
half-translation surfae in this partiular omponent has multipliity at least 2.
Theorem 4. Let C be a onneted omponent of a stratum Q(k
1
; : : : ; k
n
) in genus g  1
with n  2. We assume that C is not one of the following list of omponent
 hyperellipti onneted omponents Q
hyp
(4(g k) 6; 4k+2) and Q
hyp
( 1; 1; 4g 2).
 C 62 
0
(Q( 1; 5)).
 irreduible omponent Q
irr
( 1; 9).
Then there exists a at surfae M in a lower dimentionnal stratum that Q(k
1
; : : : ; k
n
) and
a surgery breaking up a singularity at a singular point P 2 M suh that the resulting
surfae [S;  ℄ belongs inside the given omponent C
The proof of this result is based on the ombinatoris of the unique ylinder given in a
ompletely periodi diretion. The main remark is that two

homologous separatries are
always parallel and their lengths are equal or dier by a fator 2 (see Proposition 7). We
are going to show that we an always found a saddle onnetion of length arbitrary small
with respet to the length of other parallel separatrix, if any.
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4.2.1 Sketh of the proof
Remark on the multipliity
In order to proof the Theorem, aording to Proposition 8, we have to onstrut a surfae
[S;  ℄ 2 C with a multipliity 1 saddle onnetion between two dierent singularities (not
two poles).
In setion 2.3, we have shown that two

homologous saddle onnetions  and  are
always parallel and satisfy
jj
jj
= 1; 2 or 1=2.
We are going to onstrut a surfae, in eah onneted omponent given by the Theorem,
with a saddle onnetion  of length 1 and suh that
j
i
j  3 for all vertial separatries 
i
parallel to 
whih will imply mult() = 1.
Combinatoris of one ylinder deomposition
We onsider a JenkinsStrebel dierential (S;  ) with one ylinder for the horizontal
foliation; that is horizontal foliation is ompletely periodi and the omplement of the
ritial graph of  in S is onneted.
By density, (see Theorem 3), we an onsider suh forms without loss of generality. So
Let S(; ) be a surfae in C with an arbitrary generalized permutation . In the horizontal
diretion, we denote by R(S) the orresponding retangle. Reall that the vertial side of
this retangle is a separatrix denoted by () of  .
For a horizontal separatrix , we denote by 
1
and 
2
the two orresponding intervals
on the horizontal side of R(S). Reall that if these two intervals are presented twie in the
same horizontal side of the retangle then we glue them by a entrally symmetry and else
we glue them by a translation. The quotient surfae, R(S)=, is anely equivalent to our
initial at surfae (S;  ).
We will use the two fundamental obvious remarks. We suppose that  is a horizon-
tal saddle onnetion, between two distint zeroes, and  is a horizontal separatrix (not
neessarily a saddle onnetion).
Fundamental Remark 1. If 
1
; 
2
are in two dierent horizontal sides of the retangle
R(S) then we have no onditions on the horizontal parameter j
1
j = j
2
j = jj (see equa-
tion (2.4)). So we an hoose the length of  in the at metri, arbitrary small with respet
to the other length of horizontal separatries. Thus we have
mult() = 1
Fundamental Remark 2. If all intervals 
1
; 
2
and 
1
; 
2
are in a same horizontal side
then we have only one linear relation on the length of : the retangle is a metri retangle
so the length of the two horizontal sides must oinide. Thus we obtain (see equation (2.4))
j
1
j+ j
2
j+ j
1
j+ j
2
j+    = : : :
There is no anellation of terms in the left part given by the length of the saddle onnetion
 and the separatrix . In partiular, we an hoose j
1
j+ j
2
j+ j
1
j+ j
2
j arbitrary small
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and hene j
1
j = j
2
j = jj arbitrary small with respet to the other length of horizontal
separatries. Thus we have
mult() = 1
Note that in the ase of Abelian dierentials, all gluing are translations so Fundamental
Remark 1 holds every time and hene the orresponding statement for Abelian dierentials
is trivial.
Now, if one of the two Fundamental Remarks holds, the Theorem is proved. Thus Let us
assume that it is not not the ase. Hene we obtain some restritions on the ombinatoris
of the permutation . We will study these restritions.
Next we onsider the vertial foliation on the surfae S(
0
; ) with 
0
  for the yli
order (see setion 2.2.7). Or in an equivalent way, we study the ation of the horoyli
ow on the point [S(; );  ℄. Our result is that there always exist a nie twist parameter
suh that the anonial vertial saddle onnetion (
0
) has multiplity 1.
This proof fails for some kinds of ombinatoris of permutations: suh permutations are
then ompletely determined. By diret omputation (see Chapter 3) we hek that they
orrespond to hyperellipti urves in a hyperellipti onneted omponent or to exeptional
ase listed in genera 2 and 3. These ases orrespond to surfaes of setion 4.1.2.
4.2.2 Proof of the main result of this Chapter
We deompose the proof into severals ases. Reall that n denote the number of the
singularities. First we onsider the general ase n  4. Then we prove the ase n = 3.
Finally we onlude by the holomorphi ase n = 2 and the meromorphi ase; that is the
stratum Q( 1; 4g   3); whih is more tehnial.
Proof in the partiular ase where n  4
Let (S;  ) be a JenkinsStrebel dierential with only one (vertial) ylinder for the hor-
izontal foliation. Let Cyl(S) be this ylinder. We denote the boundary omponent of
Cyl(S) by I and J . We have a deomposition of this boundary into a disjoint union of
intervals given by the utting of the ritial graph of  on S.
First of all, it neessarily exists a zero, say P
1
, of the dierential  and a saddle
onnetion  between this zero P
1
and another singularity P
i
for i  2, say P
2
. One an
see this in the following way. Assumption of the genus g  1 imply that there exists a
zero P , say loated in I. If there is no saddle onnetion starting of this zero then the
endpoints of intervals loated in I give preisely the zero P . Now n  4, thus it exists
another singularities, neessarily loated in J . It is easy to see that there exists at last one
zero P
1
on J and hene one saddle onnetion  attahed to this zero.
Up to a permutation, we assume that 
1
 I. If 
2
 J then we have done by
Fundamental Remarks 1. Thus let us assume that

1
; 
2
 I
Then let P
3
be a singularity dierent from P
1
and P
2
. If P
3
2 I then it neessarily exists
a saddle onnetion  between P
3
and a singularity P
i
suh that 
1
 I. In this ase, we
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have also done by one of the two Fundamental Remarks 1 or 2 orresponding respetively
to the ase where 
2
 J or I. So we an assume that for all singularities P
i
dierent from
P
1
and P
2
we have P
i
2 J (see Figure 4.2).
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Figure 4.2: An example of a deomposition of a JenkinsStrebel dierential with one
(vertial) ylinder (for the horizontal diretion).
The point P
1
is a zero so there must exist a separatrix  whih ontains P
1
and with

1
 I. If 
2
 I the Theorem holds by Fundamental Remark 2. Thus we an assume
that 
2
 J . We refer to Figure 4.2 for details.
Reall that n  4 so there exists a saddle onnetion  between P
3
and P
1
suh that

1
 J . If 
2
 I then P
3
2 I whih ontradits assumptions so 
2
 J .
We onlude by the fat that n  4. Thus there exists P
4
dierent from P
i
for i = 1; 2; 3
with P
4
2 J . It neessarily exists a saddle onnetion  between P
4
and another singularity.
Now by a diret heking, one an see that  has multipliity one.
The proof for the ase n = 3 is similar to the previous one with a renement.
Proof in the partiular ase where n = 3
As above, let us assume that (S;  ) is a JenkinsStrebel dierential with only one vertial
ylinder Cyl(S).
We an apply the above argument to obtain the following dihotomy: either there ex-
ists a zero P
1
of  and a saddle onnetion  between P
1
and a singularity P
2
of  (preisely
as above) or the quadrati dierential possesses exatly two poles and one zero. Moreover
in this last situation we have for the ombinatoris of the orresponding permutation, the
following desription

: : : : : :
0 0

Now we will disuss these two ases.
Our goal is to prove that if [S(; );  ℄ 62 Q( 1; 1; 4g 2) then one an nd a multipliity
1 vertial saddle onnetion on (S;  ). For the partiular stratum Q( 1; 1; 4g   2), we
will show that we also have this result exept in only two ases. In these two partiulars
ases, the orresponding generalized permutation  is ompletely determined and equal to
(up to a yli order) 
1
(r; l) or 
2
(r; l) for adequate values of r and l (see Setion 3.1). In
Chapter 3 we have proved that all surfaes onstrut by suspension over these partiular
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permutations belong to the hyperellipti onneted omponent Q
hyp
( 1; 1; 4g 2) whih
will give the proof. Now let us disuss details.
Let us assume that the rst ase disussed above arise, that is  is a saddle onnetion
between the zero P
1
and a singularity P
2
of  . By the same type of argument disussed
in the ase n  4, one an see that either we obtain a multipliity one saddle onnetion
or the permutation  possesses a presribed ombinatorial type. Namely, the following
Lemma holds
Lemma. Let C be a onneted omponent of a stratum Q(k
1
; k
2
; k
3
) in genus g  1.
Then either there exists in C a at surfae [S;  ℄ with a multipliity 1 saddle onnetion
 between two dierent singularities (not two poles) or the singularity pattern is exatly
(k
1
; k
2
; k
3
) = ( 1; 1; 4g   2) and there exists a surfae [S(; );  ℄ 2 C suh that  is
given by one of the two following type
 =

1 : : : r 0
1
0
1
0
2
0
2
(1) : : : (r)

or  =

: : : : : :
0 0


It remains to prove the Theorem for n = 3 to onsider the two permutations given by
the above Lemma. Now we will onsider the vertial on the surfae.
We will prove that if  is dierent (up to a yli order) from the two partiular permu-
tations 
i
(r; l), for i = 1 and 2, then we always have a yli order on  suh that the
orresponding saddle onnetion () on S has multipliity 1. The way to obtain this is
Corollary 2; that is, if  is irreduible then the vertial separatrix () has multipliity 1.
We will show that there exists in the lass of  an irreduible permutation suh that the
orresponding vertial separatrix is a saddle onnetion exept when  is equivalent to 
i
for i = 1; 2.
Case 1. Let us onsider the rst permutation
 

2 : : : r 0
1
0
1
1
0
2
(1) (2) : : : (r) 0
2

Note that  satisfy the ondition () thus it is suient to obtain a weakly irreduible
generalized permutation in the lass of  (see Chapter 2).
The above generalized permutation is weakly reduible if and only if (r) = 1. We an
repeat this proess to prove that either there exists an weakly irreduible permutation in
the lass of  or we have
(i) = r   i+ 1
Obviously, the last ondition orrespond to   
1
(r; 0)
Case 2. It remain to nish the proof for n = 3 to onsider the seond permutation
of the Lemma. Reall that the orresponding suspension S = S(; ) is in the stratum
Q( 1; 1; 4g   2) so for any permutations in the lass of  for the yli order on the rst
line, the orresponding separatrix () on S is a saddle onnetion between the zero and
one of the two poles. We will prove that there always exists an irreduible permutation
equivalent to , unless  is the partiular permutation given by  = 
2
(r; 1). In this last
70 CHAPTER 4. ADJACENCY
ase, the surfae is hyperellipti and belongs to the hyperellipti onneted omponent of
the stratum Q( 1; 1; 4g   2) (see Chapter 3).
First of all, we prove that there always exist a permutation equivalent to  whih is
weakly irreduible, unless  is the partiular permutation given by  = 
2
(r; 1).
If  is weakly reduible then we have the following deomposition

A B
0 0

We rewrite A = (1 A
2
) and B = (B
1
1 B
2
). Then  is equivalent to the following
generalized permutation
 

1 B
2
1 A
2
B
1
0 0

This last permutation is weakly reduible if and only if B
1
= ;. In this ase, we an repeat
this proess with the new set A for A
2
and the new set B for B
2
. Thus either we obtain
a weakly irreduible generalized permutation or A = B = (1 2 : : : r). In the last ase we
have  = 
2
(r; 1).
To ahieve the proof, it remain to show that if  is weakly reduible then we an obtain
an irreduible permutation in the lass of  for the yli order. This is done with the
same type of argument as above. This gives the Theorem for n = 3.
Remark 7. We have shown that there always exists a surfae, in a non-hyperellipti on-
neted omponent of the stratum Q(k
1
; k
2
; k
3
), whih possesses a multipliity one saddle
onnetion. But we have no ontrol on the multipliity of the saddles attahed to this
saddle onnetion. It is easy to have a renement of the preedent proof to obtain a more
preise result. We announed suh statement in the next setion.
Proof in the holomorphi ase n = 2
Let P
1
; P
2
be the two dierent zeroes of  on the JenkinsStrebel surfae S = S(; ).
Obviously, we have the following dihotomy: either there is no saddle onnetion between
P
1
and P
2
or there is at least one saddle onnetion on the surfae (for the horizontal
foliation).
We an apply the same type of argument in the disussion of the ase n = 3 to see
that in the seond ase, we obtain a multipliity one horizontal saddle onnetion or the
permutation  must obey to some ombinatoris restritions. We an summarize this into
the following
Lemma. Let C be a onneted omponent of a stratum Q(k
1
; k
2
) in genus g  1 with any
k
1
; k
2
> 0 and k
1
+ k
2
= 4g   4.
Then either there exists a at surfae [S;  ℄ 2 C with a multipliity 1 saddle onnetion
between the two dierent zeroes or there exists a surfae [S(; );  ℄ 2 C suh that the
ombinatoris of  is given by one of the two following type (orresponding of the two
above ase of the dihotomy)
 =

0
1
1 : : : r 0
1
r + 1 : : : r + l
0
2

1
(1) : : : 
1
(r) 0
2

2
(r + 1) : : : 
2
(r + l)

or
 =

A
B

and (A) = A; (B) = B
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where 
1
is a true permutation of the set f1; : : : ; rg and 
2
is a true permutation of the
set fr + 1; : : : ; r + lg.

Thus the proof of the Theorem in the holomorphi ase n = 2 is redued to onsidering
these two permutations. As in the ase n = 3, one an prove, using the notion of yli
order and irreduibility, that there exists a surfae S(
0
; ), with 
0
 , and having a
multipliity one saddle onnetion. The proof fails in two ases: it orresponds to the ase
(up to a yli order) where
 = 
i
(r; l) for i = 1 or 2
In Chapter 3, we prove hove seen that these surfaes are hyperellipti and belong to the
hyperellipti onneted omponent Q
hyp
(k
1
; k
2
). Thus it ahieves the proof of the Theorem
in the ase n = 2 and where all singularities are non-negatives.
Here we adresse the proof of the rst ase. The idea is essentially the same to the one
given previously in the ase n = 3 (for the stratum Q( 1; 1; 4g   2)). The generalized
permutation  is equivalent to the following one:

0
1
1 : : : r 0
1
r + 1 : : : r + l

1
(r) 0
2

2
(r + 1) : : : 
2
(r + l) 0
2

1
(1) : : : 
1
(r   1)

First the orresponding separatrix loop () on the surfae S(; ) obtained by suspension
over this permutation is a saddle onnetion. Then one an easily see that this permutation
is weakly irreduible, and so irreduible, if and only if we have

1
(r) = 1
Repeating this proess, we obtain that either there exists a yli order suh that the
vertial saddle onnetion () has multipliity 1 or we have

1
(i) = r   i+ 1 for i = 1; : : : ; r
and

2
(j) = 2r + l   j + 1 for j = r + 1; : : : ; r + l
namely, these last onditions are equivalents to
 = 
2
(r; l)
Proof in the meromorphi ase n = 2
Let us onsider the stratum Q(k
1
; : : : ; k
n
) = Q( 1; 4g 3) in genera higher than 3. In this
ase, the situation is more ompliated. In partiular we found a onneted omponent
in the stratum of genus 3 for whih there are no surfaes with a saddle onnetion of
multipliity 1.
First we will prove a result less general than the Theorem: one an nd a saddle onnetion
or a simple ylinder of multipliity one. Then we prove the
72 CHAPTER 4. ADJACENCY
Theorem. Let C  Q(4g   3; 1) be a onneted omponent. Suppose that g  4. Then
there exists a at surfae [S;  ℄ 2 C and a saddle onnetion  on S, between the pole and
the zero of  , suh that
mult() = 1
In the partiular ase of the genus g = 3, we also have the result with an additional
assumption that is C 6= Q
irr
( 1; 9).
In order to prove this result, we will onsider the two following Propositions. Reall
that a simple ylinder is a maximal straight ylinder suh that eah boundary omponent of
this ylinder is a single separatrix. A simple ylinder has multipliity 1 if the orresponding
separatrix on the boundary has multipliity 1 (see Chapter 3 and Figure 2.5).
Proposition 18. Let C  Q(4g 3; 1) be a onneted omponent with g  3. Then there
exists a at surfae [S;  ℄ 2 C with one of the two following properties
 There exists a saddle onnetion  on S of multipliity one.
 There exists a multipliity one simple ylinder on S (using notations of setion 2.4.2,
we have C = C
0
 s with s 2 f1; : : : ; 2gg and C
0
 Q( 1; 4(g   1)  3)).
The rst assertion of this Proposition is the result of the Theorem. So it remains to
obtain the Theorem in full generalities to onsider the seond assertion. It is given by the
following
Proposition 19.
 Any onneted omponent of Q( 1; 13) possesses a at surfae [S;  ℄ with a saddle
onnetion of multipliity one.
 Let C
0
= Q( 1; 5) be the unique onneted omponent of the stratum Q( 1; 5). Let
s 2 f1; 2; 4g be an integer. Then there exists a at surfae [S;  ℄ 2 C
0
 s with a
saddle onnetion  on S of multipliity one.
Note that we have by onstrution
C
0
 3 = Q
irr
( 1; 9)
whih explain why we do not onsider the ase n = 3.
Proof of the Theorem. If there exists a at surfae [S;  ℄ 2 C  Q( 1; 4g 3) (g  4) with
a saddle onnetion of multipliity 1 then there also exist a at surfae [S
0
;  
0
℄ 2 Cs with
a saddle onnetion of multipliity 1 by bubbling a handle on S.
Thus the Theorem follows immediately from Propositions 18 and 19.
Proof of Proposition 18. The proof of the Proposition is based on the ombinatoris of
generalized permutations. Let us suppose that [S;  ℄ is a Jenkins-Strebel dierential inside
the onneted omponent C  Q( 1; 4g   3). We an suppose, without loss of generality,
that the surfae S deomposes into only one ylinder for the horizontal foliation given by
=m( ). Let  denote the orresponding generalized permutation whih enodes the gluing
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of the horizontal intervals of the horizontal sides of the ylinder Sn ( ). Suppose that we
have a horizontal saddle onnetion  and a separatrix loop  suh that the orresponding
intervals 
i
and 
i
for i = 1; 2 are in a same boundary omponent. Then we an hoose an
admissible vetor  with the orresponding length of  arbitrary small. Thus the surfae
S = S(; ) satises to the rst property. In other word, if  is not desribed by the
following permutation (up to a yli order)
 =

0 1 : : : n 0
A

with (f1; : : : ; ng)  A
Proposition 18 holds. So we an assume that  is equal to the upper permutation. We are
going to onsider the yli order on  to obtain a suspension S = (
0
; ) with a saddle
onnetion of multipliity one or a simple ylinder of multipliity one. One an remark
that the separatrix  onstruted on S(; ) is a saddle onnetion for all yli order on
the elements of the set A. In addition, if  is irreduible, there exists a dense set of  suh
that  has multipliity 1.
First we onsider some permutations 
0
in the lass of  suh that the surfae S(
0
; )
has a simple ylinder. To x the notations, we denote by
   =

1 2 : : : n 0 0
1 : : : : : : : : : : : :

The vertial measured foliation on S(; ) has a vertial simple ylinder. The boundary
of this ylinder is the separatrix loop . By Corollary 2, there exists a dense set of  suh
that the multipliity of  is 1 if and only if the restrited permutation ^ is irreduible. In
addition, in this partiular ase, it is easy to see that if ^ is weakly irreduible but not
irreduible then there exists 
1
  suh that ^
1
is irreduible.
Let us assume that ^ is weakly reduible. We have one of the two possibilities for the
ombinatoris of 
 =

1 2 : : : k k + 1 : : : n 0 0
1 A
1
k A
2
B

or
 =

1 2 : : : n 0 0
1 A B

One an see that the rst permutation is equivalent (with respet to the element k) to
a permutation as in Proposition 23. So in this ase, we have the result: there exists a
simple ylinder of multipliity one. It remain to onsider the seond permutation. We
have (B)  A. Let us denote A = (A
1
r A
2
) with (A
2
)  B and r  n. With these
notations, the permutation  is equivalent to the following one
 

r r + 1 : : : n 0 0 1 2 : : : r   1
r A
2
B 1 A
1

Fat. If r 6= n then the above permutation satisfy assumptions of Proposition 23. So we
obtain a simple ylinder of multipliity one.
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Thus let us onsider the partiular ase where r = n.
 =

0 1 : : : n 0
n A
2
B 1 A
1

with (A
2
)  B
One an see that the vertial separatrix  is a saddle onnetion. Thus Corollary 2 imply
that if 
0
  (for the yli order on the seond line) is irreduible then the Proposition
holds:  has multipliity one.
Fat. The permutation  is weakly reduible if and only if we have A
2
= ; and A
1
= (C B
0
)
with B
0
= (B) and C = ((2) : : : (n  1)).
In other words we have proved the following Lemma
Lemma. Let C  Q(4g   3; 1) be a onneted omponent with g  3. Let [S;  ℄ 2 C be a
Jenkins-Strebel form with one ylinder for the horizontal foliation. Then the surfae (S;  )
satises one of the two properties given by Proposition 18 or the orresponding permutation
for the ombinatoris of the boundary omponent of the ylinder Sn ( ) is given by the
following one (up to a yli order)
 =

0 1 : : : n 0
n B 1 C B
0

with (B) = B
0
and C = ((2) : : : (n  1)).

So we have redued the proof of Proposition 18 to the partiular type of permutations
of above Lemma. We onsider the two ases following the values of n: n  2 and n = 1.
In the rst ase, we show that there exists 
0
  (for the yli order on the seond line)
suh that 
0
is irreduible. So it implies the Proposition. The ase n = 1 is more tehnial.
This orrespond to the two following Lemma.
Lemma. Let n  2 be an integer. Let  be the following generalized permutation
 =

0 1 : : : n 0
n B 1 C B
0

with (B) = B
0
and C = ((2) : : : (n  1)). We assume the tehnial ondition that the
genus g of the surfae satisfy
genus (S(; ))  3
Then there exists a permutation 
0
  (for the yli order on the seond line) suh that

0
is irreduible.
Proof of the Lemma. Suppose that n  3. Then we have n   1 6= 1. Let us denote
C = (C
1
n  1 C
2
). With these notations,  is equivalent to
  
0
=

0 1 : : : : : : n  1 n 0
n  1 C
2
B
0
n B 1 C
1

It is easy to see that this permutation is weakly irreduible.
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Suppose that n = 2. Let us denote B
0
= (B
00
3) with (3) 2 B. With these notations
we obtain
  
0
=

0 1 2 0
3 B
00
2 B 1

This permutation is weakly reduible if and only if B
00
= ;. This last ondition is always
satisfy else we obtain a partiular at surfae with a simple pole and a zero of order 5.
The surfae has genus 2 whih is a ontradition.
To nish the proof, it is easy to see that if  is weakly irreduible and not reduible,
we an always nd a permutation in the lass of  whih is irreduible.
The Lemma is proved.
To nish the proof of the Proposition, it remain to onsider the ase n = 1.
Lemma. Let  be a generalized permutation given by
 =

0 1 0
B 1 B
0

with (B) = B
0
. Then one of the two following armations holds
 There exists a permutation 
0
  (for the yli order on the seond line) suh that

0
is irreduible.
 Combinatoris of the permutation  is given by B = B
0
= (2 3 : : : n).
Moreover, in the last ase, there exists 
0
  and an admissible vetor  suh that the
vertial foliation on S(
0
; ) is ompletely periodi. In addition the surfae deompose (in
this diretion) into exatly g  1 ylinders. One of this ylinder is a simple ylinder and it
has multipliity 1.
This ahieve the proof of Proposition 18.
Proof of the Lemma. Let us denote B and B
0
by B = (2 B
2
) and B
0
= (B
0
1
2 B
0
2
). Thus
 

0 1 0
2 B
0
2
2 B
2
1 B
0
1

One an see that this permutation is weakly reduible if and only if B
0
1
= ;. The Lemma
follow by indution with B = B
2
and B
0
= B
0
2
.
To nish the proof it remain to show for the seond armation that we have a ver-
tial periodi deomposition into exatly g   1 ylinders. Let us onsider the following
generalized permutation 
0
, whih is equivalent to 
  
0
=

0 1 0
3 4 : : : n 2 3 4 : : : n 1 2

We onsider the JenkinsStrebel surfae S = S(
0
; ) with the admissible vetor  given
by

0
=
0

(n  1) ;  ; (n  1) ;  ; : : : ; 
| {z }
2n 1 times
1
A
for any  2 R
+
(4.1)
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The vertial foliation on S deompose the surfae into g  1 ylinders. One an hek that
the vertial ylinder given by the interval numbered n is a simple ylinder of multipliity
1. Here we present a omplete desription for a surfae of genus g = 3 whih orrespond
to the ase n = 5 (see Figure 4.3).
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Figure 4.3: Here we present a surfae suspended over the permutation 
0
and the admis-
sible vetor given by Equation (4.1). The vertial foliation on S produes a deomposition
into two ylinders C
1
and C
2
. One an observe that the ylinder C
2
is a simple ylin-
der. The onial angle is . The orresponding vertial separatrix loop  an be hoose
arbitrary small with respet to other vertial parameters. Thus C
2
has multipliity 1.
This ahieve the proof of the Lemma and so of Proposition 18.
Remark 8. Let us remark that the ylinder C
2
in Figure 4.3 has an angle of (n+ 1) (or
n  2 if we onsider the omplementary angle). Thus, in terms of setion 2.4.2, the surfae
of genus g presented above is in a omponent of the form C(n+1) where C is a omponent
of the stratum Q( 1; 4(g   1)  3).
In the example of n = 5, we obtain a surfae in the omponent Q
irr
( 1; 9).
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Now let us prove Proposition 19 to establish the Theorem in the meromorphi ase
n = 2.
First we prove the following
Lemma 9. The stratum Q( 1; 5) is onneted.
Proof. The proof is ompletely analogous to the proof of the onnetedness of the stratum
Q(8) (see Lemma 16).
Proof of Proposition 19. Let us prove the seond point of the Proposition; that is the
result for the stratum Q( 1; 9). We want to prove that all onneted omponent of this
stratum of the form Q( 1; 5) s with s = 1; 2; 4 has a surfae with a saddle onnetion of
multipliity one. Let us onsider the two following permutations

1
=

0 1 2 3 4 0
4 5 3 5 2 1


2
=

0 1 2 3 4 0
3 5 2 4 5 1

We onsider  = (1; : : : ; 1) an admissible vetor for 
i
. We onsider the yli order for 
1
with respet to the elements 3 and 1. It is easy to see that the two orresponding surfaes
S(; ) are respetively in Q( 1; 5) 1 and Q( 1; 5) 4. In addition, the seond permu-
tation with the yli order with respet to the element 2 give an element in Q( 1; 5) 2.
We nish the proof by the following remark. The ation of the horoyli ow on these
two points
h
1
([S(
1
; );  
1
℄) and h
1
([S(
2
; );  
2
℄)
give surfaes with a saddle onnetion of multipliity 1.
Seond, we prove the result for the stratum Q( 1; 13). We want to prove that all
onneted omponent of this stratum has a surfae with a saddle onnetion of multipliity
one.
By Proposition 18 it remain to onsider all onneted omponent of this stratum whih
ontain a surfae with a simple ylinder of multipliity one; that is all omponent of the
form Cs with C  Q( 1; 9). We have proved that all omponent of the stratum Q( 1; 9),
exept the irreduible omponent, has the a surfae with a saddle onnetion of multipliity
one. So it is suient to prove the Proposition for all omponent of the form
Q
irr
( 1; 9)  s for all s = 1; : : : ; 6
Reall that Q
irr
( 1; 9) = Q( 1; 5)  3. Moreover all omponents Q( 1; 5)  s with
s = 1; 2; 4; 5 possess a at surfae with a saddle onnetion of multipliity one. Using
property of the map , one an see that
Q( 1; 9)
irr
 s = Q( 1; 5)  s 3
Thus the Proposition holds for s = 1; 2; 4; 5. We an redue the ase s = 6 to the ase
s = 3
Q( 1; 9)
irr
 6 = Q( 1; 5)  6 3 = Q( 1; 9)
irr
 3
We nish the proof for the ase s = 3 by using the seond property of the map 
Q( 1; 5)  3 3 = Q( 1; 5)  1 5
This ahieve the proof of Proposition 19.
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4.3 Renement of the main result
In the previous setion, we have shown that there always exists a surfae, in a onneted
omponent given in the assumptions of Theorem 4, whih possesses a multipliity one
saddle onnetion of multipliity one. But we have no ontrol of the multipliity of the
singularities attahed to this saddle onnetion. Here we an prove a stronger result in
the speial ases of n = 3 and n = 4. The proof is just a renement of the proof of the
Theorem 4.
Corollary 4. Let C be a onneted omponent of the stratum Q(k
1
; k
2
; k
3
). We suppose that
C is not hyperellipti when it makes a sense. We hoose a partiular degree of singularity,
say k
1
for instane ((k
1
; k
2
; k
3
) is onsider as an unordered set). Then there exists a at
surfae [S;  ℄ 2 C and an index i
o
2 f2; 3g suh that S possesses a multipliity one saddle
onnetion between the two distint singularities P
1
2 S of order k
1
and P
i
0
2 S of order
k
i
0
.
For strata with four singularities, we have
Corollary 5. Let C be a onneted omponent of the stratum Q(k
1
; k
2
; k
3
; k
4
). We sup-
pose that C is not hyperellipti when it make sense. We hoose two partiulars degree of
singularities, say k
1
and k
2
for instane ((k
1
; k
2
; k
3
; k
4
) is onsider as an unordered set).
Then there exists a surfae [S;  ℄ 2 C and index i
0
2 f1; 2g and j
0
2 f3; 4g suh that S
possesses a multipliity one saddle onnetion between the two distint singularities P
i
0
2 S
of order k
i
0
and P
j
0
2 S of order k
j
0
.
4.4 Adjaeny of strata
In this setion we study the adjaeny of the strata. We translate Theorem 4 in terms of
the desription of the adjaeny. We also give some desription on the loal onnetedness
in a neighboorhod of the minimal stratum and of some partiular strata.
4.4.1 Adjaeny
Let C
0
 Q(l
1
; : : : ; l
r
) be a onneted omponent and
k
i
=
r
i+1
X
j=r
i
+1
l
j
for i = 1; : : : ; n (4.2)
with 0 = r
1
< r
2
<    < r
n
< r
n+1
= r. By denition, we say that C
0
is adjaent to C if
C  C
0
where C
0
denote the losure inside the moduli spae Q
g
.
We have the following riterion
Proposition 20. Let [S;  ℄ 2 C. Suppose that we break up a singularity of  into two
singularities on S. We obtain a at surfae S
0
. Let C
0
be the onneted omponent whih
ontains this point [S
0
;  
0
℄. Then
C  C
0
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It follows by indution
Corollary 6. Let Q(l
1
; : : : ; l
r
) be a stratum and C be a onneted omponent of the stratum
Q(k
1
; : : : ; k
r
). Suppose that vetors (l
1
; : : : ; l
r
) and (k
1
; : : : ; k
r
) are related by formula (4.2).
Then there exists a onneted omponent C
0
 Q(l
1
; : : : ; l
r
) whih is adjaent to C.
We an dedued from Theorem 4 and loal desription of loal oordinates (see Chap-
ter 2) that we have a preise desription of adjaeny. More preisely, we have
Proposition 21. Let C  Q(k
1
+ k
2
; k
3
; : : : ; k
n
) be a onneted omponent. Suppose that
we have a omponent C
0
 Q(k
1
; k
2
; k
3
: : : ; k
n
) adjaent to C. Then there exists a at
surfae [S;  ℄ 2 C suh that we an break up the singularity P on S of order k
1
+ k
2
into
two singularities of order k
1
and k
2
to obtain a surfae [S
0
;  
0
℄ 2 C
0
.
Now we an translate Corollaries 4 and 5 and Theorem 4 in terms of adjaeny:
Theorem 5. Any omponent omponent in a stratum in genus g  4 is either hyperellipti
or adjaent to a lower dimensional stratum.
We use this desription in Chapter 6 in order to prove Main Theorem 1. In Chapter 6
we will prove a stronger result; that is the following dihotomy holds: any omponent
omponent in a stratum in genus g  4 is either hyperellipti or adjaent to the minimal
stratum.
4.4.2 Loal onnetedness
In general, we an break up a singularity P into dierent ways (see Chapter 1). When the
surgery is loal and when there is many zero of order k = order(P ), we an break the zero
into many ways to obtain dierent surfaes and so dierent onneted omponents. For
example, in Appendix we onstrut two onneted omponents C
0
1
and C
0
2
inside the stratum
Q(2; 3; 3) and a onneted omponent C inside the stratum Q(2; 6) suh that C  C
0
1
t C
0
2
.
Here we rst give some trivial onditions to obtain the loal onnetedness in a neigh-
boorhod of some speial strata. Then, we ite a diret orrolary of a result of Kontsevih
Zorih onerning the loal onnetedness in a neighboorhod of the minimal stratum.
Loal surgeries
We present the following result obtained as a diret orollary of the loal onstrutions of
Lemma 1 and Lemma 2:
Proposition 22. Let [S;  ℄ 2 C  Q(k
1
; : : : ; k
n
) be an arbitrary point. We onsider the
stratum Q(l; r; k
2
; : : : ; k
n
) with l + r = k
1
. Suppose that l + r = k
1
6= k
i
for all i  2 and
l; r are not both odd. Then there exists an arbitrary small neighborhood U of [S;  ℄ in the
whole spae Q
g
suh that
U \Q(l; r; k
2
; : : : ; k
n
)
is non-empty and onneted.
We have the same type of result for the stratum Q(l; r; s; k
2
; : : : ; k
n
) with l + r + s =
k
1
6= k
i
for all i  2 and l; r; s any.
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Loal onnetedness in the neighborhood of the minimal stratum
Following KontsevihZorih (see [KoZo℄), we have:
Theorem 6 (Kontsevih, Zorih). Let p 2 Q(4g 4) be a point in the minimal stratum.
Then there exist an arbitrary small neighborhood U(p) of p in the whole spae Q
g
suh that
U(p) \Q(k
1
; : : : ; k
n
)
is non-empty and onneted for any k
i
with the ondition
P
k
i
= 4g   4.
We an reformulate the above result in terms of adjaeny:
Theorem. Let Q(k
1
; : : : ; k
n
) be an arbitrary stratum in genus g. Then there are at most s
onneted omponents of this stratum whih are adjaent to the minimal stratum Q(4g 4),
where s denote the number of omponent of the minimal stratum.
Chapter 5 is devoted the show the onnetedness of the minimal stratum in genera
higher than 5. Thus, aording to above result, Main Theorem 1 is redue to prove the
dihotomy: any omponent omponent in a stratum in genus g  5 is either hyperellipti
or adjaent to the minimal stratum. This is done in Chapter 6.
Chapter 5
The Minimal Stratum Q(4g   4)
This Chapter is devoted to a partiular type of strata, the so-alled minimal stratum
Q(4g   4) in genus g. Our goal is to prove that it is onneted for all genera g  5. The
proof is based on indution on g  3. The step of indution is given by the following
fat: in eah onneted omponent of the minimal stratum in genus higher than 4, there
exists a at surfae for whih we an erase a handle. The initialization of the indution
is redued to the proof of the onnetedness of the stratum Q
g=5
(16), whih we establish
by a diret argument. The main result of this Chapter is the following
Theorem 7. Any onneted omponents of the stratum Q(4g   4) is desribe by the fol-
lowing list:
 The stratum Q(8) in genus 3 is onneted.
 The stratum Q(12) in genus 4 possesses two omponents  orresponding to Q
I
(12)
and Q
II
(12).
 Any other stratum Q(4g   4), in genera g  5, is onneted.
Here, we prove the above result in a weakly version: for the ase g = 4: we will show
that the stratum possesses at most two onneted omponents.
In Appendix, using ombinatoris on Rauzy lasses, we proved that the stratum Q(12) is
not onneted thus it proves the Main lassiation Theorem for the minimal strata.
In a rst setion we show the step for the indution. In a seond setion we prove the
main statement.
5.1 Simple ylinder and the minimal stratum
Reall that the minimal stratum Q(4g   4) in genus g is non-empty for all genera g  3.
In Chapter 1, we have desribed a surgery to bubbling a handle on a at surfae. This
shows that there are some onneted omponents of Q(4g  4) whih are aessible from
a surfae in the stratum Q(4(g   1)  4) by bubbling a handle at the unique zero of the
dierential. As in Chapter 4, we would like to lassify all onneted omponents of this
type. This will give us the step for our main indution. First we give some restritions to
obtain suh property. Then, we prove that all onneted omponents in genera higher than
4 are aessible by this surgery on a half-translation surfae of lower genus. Namely, we
will show the
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Theorem 8. Let C be a onneted omponent of the stratum Q(4g   4) in genus g  4.
Then there exists a at surfae [S;  ℄ 2 Q(4g   8) and an angle parameter s suh that the
surgery bubbling a handle at the unique singularity of  in S (with disrete parameter s)
gives rise to surfaes belonging in the omponent C.
In other terms, using notations of setion 2.4.2, above statements says that the map
 : 
0
(Q
g 1
(4g   8)) N ! 
0
(Q
g
(4g   4))
(C; s) 7! C  s := C
0
is onto. Reall that up to onsider the omplementary angle, s an be hoose in f1; : : : ; 2g 
2g.
First we give an independent geometri proof of an analogous result of Kontsevih
Zorih in the partiular ase of Abelian dierential. Then we give the proof in full gener-
ality.
5.1.1 Formulation of the statement
Aording to setion 2.4.2, above Theorem is equivalent to the following one:
Theorem. Let C be a onneted omponent of the stratum Q(4g 4) in genus g  4. Then
there exists a at surfae [S;  ℄ 2 C suh that S possesses a multipliity 1 simple ylinder.
Aording to [MaSm℄, the stratum Q(4) is empty so that no surfae in the stratum
Q(8), in genus 3, is obtained from a surfae in lower genus by bubbling a handle. In
other words, for all points [S;  ℄ in the minimal stratum Q(8), if S possesses a simple
ylinder, and if [℄ denote the separatrix loop whih is the boundary of this ylinder, then
mult()  2
This explain why the genus in the assumptions of the Theorem is assumed to be greater
or equal than 4.
As in Chapter 4, the proof of this result is based on the ombinatoris of the ylinders
given in a ompletely periodi diretion. First we present the idea on the proof. Next we
give an independent proof of an analogous result of KontsevihZorih in the partiular
ase of Abelian dierential. Then we give the omplete proof of above result.
5.1.2 Sketh of the proof
Let (S;  ) be a point suh that the horizontal foliation deompose the surfae into a unique
ylinder. We denote by  the orresponding generalized permutation. We have to show
that (S;  ) has a multipliity one simple ylinder.
We reall the main idea disussed in setion 2.5.2. Let us assume that  has the
following form
 =

0 A
0 B

Then the vertial foliation on S(; ) produes a simple ylinder.
Moreover, if ^ is irreduible then one an see that this ylinder has multipliity 1.
Then we show we an always nd a twist on the element of  suh that this is done
whih gives the result. For the next, we restrit the proof of the Theorem to the proof of
a ombinatoris Proposition.
5.1. SIMPLE CYLINDER AND THE MINIMAL STRATUM 83
PSfrag replaements
P
P
P
P
P P
P

1

2
 


4
Figure 5.1: Here on the left, the gure represents a at surfae of the form S(; ). In
the vertial diretion, we an easily see that there is a simple ylinder. The boundary
omponent of this ylinder is . On the gure on the right, we have represented the
diagram of the vertial foliation on S. In this example, the angle of this ylinder is 4 (or
6 is we onsider the omplementary angle). If the generalized permutation ^ is irreduible,
one an hoose lengths of horizontal parameters in the way that  has multipliity 1. In
this ase this surfae is obtain from a surfae in genus g   1, if g =genus(S), by bubbling
a handle (see Figure 1.3).
5.1.3 Proof of the main result of this setion
Proof of the main result versus Abelian dierentials
In this setion we give a proof of the existene of surfaes with a simple ylinder in eah
onneted omponent of the minimal stratum of Abelian dierentials H(2g   2).
Theorem 9. Let C be a onneted omponent of the minimal stratum H(2g 2) with g  2.
Then there exists a surfae [S
0
; !
0
℄ 2 C with a one simple simple ylinder; that is (S
0
; !
0
)
is obtained from a surfae (S; !) in the minimal stratum H(2(g   1)   2) by bubbling a
handle at the unique zero of the dierential !.
This result was rst proved by Kontsevih and Zorih. Here we give an independent
geometri proof using the ombinatoris of surfaes with one ylinder. In partiular, this
proof does not use the notion of Rauzy lasses.
We rst show a ombinatorial Proposition in order to prove the Theorem
Proposition 23. Let  be a true permutation of the group S
r
. We assume that the
suspended surfae has no marked point that is (i+ 1) 6= (i) + 1 for all i = 1; : : : ; r with
the dummy ondition (r + 1) := (1). Let us also assume that the genus of the surfae
is greater than 2. It implies in partiular that r  4.
Then there exists a permutation 
1
in the lass of  for the yli order with 
1
(1) = 1
and suh that ^
1
is irreduible.
Now assuming above Proposition, one an prove the Theorem:
Proof of Theorem 9. Let C be a onneted omponent of the minimal stratum H(2g   2)
with g  2. Let us take a JenkinsStrebel surfae (S; !) inside this omponent.
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Aording to Proposition 23, we an assume that the permutation  whih enode the
gluing of horizontal sides of the ylinder Sn (!) satisfy
(1) = 1 and ^ is irreduible
Thus Remark 2.5.2 imply that there exists on S a simple ylinder in the vertial diretion.
In addition ^ is irreduible. Applying Corollary 2, we obtain a full Lesbesgue measure set
of admissible vetors  suh that S(; ) 2 C possesses a multipliity one simple ylinder
(in the vertial diretion).
Theorem 9 is proved.
Proof of Proposition 23. Let  be a permutation of the set f1; : : : ; rg with r  4. We an
always assume, up to a yli order, that (1) = 1. If ^ is irreduible then the Proposition
holds with 
1
= . Thus let us assume that the restrit permutation ^ is reduible. Then
by denition there exist 2  i
0
< r suh that
(f2; : : : ; i
0
g) = f2; : : : ; i
0
g
Let us onsider the following new set: (i
0
+ 1; : : : ; r) = (A
1
r A
2
). With these notations,
we have
  
1
=

r 1 2 : : : i
0
i
0
+ 1 : : : r   1
r A
2
1 (2) : : : : : : (i
0
) A
1

It is easy to see that A
2
6= ;: else the orresponding at surfae S(
1
; ) will possesses a
marked point and we do not onsider suh at surfaes. Thus, with this ondition, if ^
1
is
reduible, it is easy to see that the orresponding invariant set (f1; : : : ; i
0
0
g) = f1; : : : ; i
0
0
g
will satises the ondition i
0
0
 i
0
+1 > i
0
. The set f0; : : : ; rg is nite, thus the Proposition
holds by repeating nitely many times this proess.
Proposition 23 is proved.
Proof of the main result
We want to prove an analogous result of Proposition 23 on the ombinatoris of generalized
permutations. The proof is a little tehnial. First we show a ombinatorial Proposition,
analogous to Proposition 23, under the tehnial assumption that permutations  satisfy
ondition () (see setion 2.2.6). Then we prove Theorem 8.
Proposition 24. Let  =

A
B

suh that  satisfy the ondition (). In partiular we
have #A = #B. Moreover we assume that the at surfae S = S(; ) has no marked
points. Let us also assume that #A  7. This imply in partiular that the genus of the at
surfae S = S(; ) satises
genus(S) = g  4
Then  is equivalent (with respet to the yli order) to
 

0 A
0
0 B
0

where ^ =

A
0
B
0

is irreduible.
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We forgot for the moment the proof of the Proposition in order the show the Theorem
assuming Proposition 24.
Proof of Theorem 8. Let C be a onneted omponent of the stratum Q(4g   4). If there
exists [S(; );  ℄ 2 C suh that ^ is irreduible then, applying the proof of Theorem 9 we
have done. Now the proof of Theorem 8 in full generality is redued to the two following
Lemmas.
Lemma 10. Let C
0
be a onneted omponent of the minimal stratum Q(4g   4). Then
there exists a sequene of onneted omponents C
i
for i = 1; : : : ; t (t  0) of this stratum
and a sequene of onneted omponents C
j
for j = 1; : : : ; t of the stratum Q(k
j
; 4g 4 k
j
)
(with k
j
even) suh that
C
i
[ C
i+1
 C
i+1
for all i = 0; : : : ; t  1
In addition, there exists a at surfae S = S(; ) with [S;  ℄ 2 C
t
and  satisfy the
ondition ().
Lemma 11. Let C
0
be a onneted omponent of the minimal stratum Q(4g  4). Suppose
that there exists a omponent C
1
of the minimal stratum and a omponent C of the stratum
Q(k; 4g   4  k) (k even) with
C
0
[ C
1
 C
Let us also assume that there exists a at surfae [S;  ℄ 2 C
1
with a simple ylinder of
multipliity 1. Then there also exist a at surfae [
^
S;
^
 ℄ 2 C
0
with a simple ylinder of
multipliity 1.
Proof of Lemma 10. Let [S(; );  ℄ 2 C
0
be a point. If  satises the ondition () then
the Lemma holds. If not, there exists two separatries  and  suh that 
i
and 
i
are present twie in a same side of the ylinder Sn ( ). Then, using representatives
elements (see Chapter 3), we an break up the unique zero into two zeroes by adding a
saddle onnetion  suh that 
1
and 
2
are not in a same side of the ylinder. Applying
Remark 2, we an ollapse the saddle onnetion  to a point to obtain a new surfae in
the omponent C
1
 Q(4g  4). Now let us remark that the transition surfae belongs to
a omponent C
1
of a stratum with two singularities. We have
C
0
[ C
1
 C
1
Repeating indutively this proess, Lemma 10 holds.
Proof of Lemma 11. Its follows from Proposition 11.
Proof of Proposition 24. First of all note that, under the ondition (), a permutation
whih is weakly irreduible is irreduible.
Reall that a generalized permutation is an ordered partition of X = f1; : : : ; n +mg
into two ordered sets, X = Y
1
tY
2
. In the present thesis we shall always onsider only those
generalized permutations, for whih eah of Y
1
; Y
2
ontains at least one entry of multipliity
two. The permutation satisfy the ondition () that is eah set Y
1
; Y
2
ontains exatly
one entry of multipliity two. Up to re-labeling, we an suppose for the next that the two
partiulars elements are 1 in Y
1
and 2 in Y
2
.
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In order to prove this result, we use the representations of  by a tabular. Let  be a
generalized permutation of the set f1; : : : ; n+mg. We an always assume, up to a yli
order, that (1) = n+1. If ^ is irreduible then the Proposition holds with 
1
= . Thus
let us assume that the restrit permutation ^ is reduible. Aording to the denition of
weakly reduibility, we have a deomposition of ^ into the following way
 =

0 A C
0 B D

The reduibility of ^ involves one of the three following deomposition ases:
1. (A) = B
2. (C) = D
3.
For all i 2 A, if i 6= 1 then (i) 2 B else (i) 2 C.
For all j 2 B, if j 6= 2 then (j) 2 A else (j) 2 D.
In addition, we assume that this deomposition is minimal: we do not have a deomposition
into sets A
0
; B
0
; C
0
;D
0
whih are stritly inlude into the set A;B;C;D. This ondition, in
the ase of true permutation, is equivalent to say that i
0
is minimal.
Obviously, in the type (1) and (2) of reduibility we have the result: this is simply the
idea disuss in the proof of Proposition 24. The type (1) is a diret onsequene of this
remark. We an redue the type (2) to the type (1) as follow. Let us denote the two sets
A = (A
1
3) and B = (B
1
3 B
2
). With this onsiderations the generalized permutation 
is equivalent to the following one
 

3 C 0 A
1
3 B
2
D 0 B
1

This last one an be reduible but then it is neessarily of type (1).
Thus it remain to onsider the type (3) of reduibility of ^.
Reall that , so all permutations equivalent to , satisfy the ondition (). The
generalized permutation ^ is reduible and we have
1 2 A and (1) 2 C 2 2 B and (2) 2 D
Let us onsider the two sets C = (C
1
1 C
2
) and D = (D
1
2 D
2
). With these notations, we
have
 =

0 A C
1
1 C
2
0 B D
1
2 D
2

There is the following dihotomy: either the two sets C
2
and D
2
are empty or one of them
is non-empty (say C
2
up to a permutation of lines). In the last ase, we an onsider the
algorithm given in the proof of Proposition 23 to obtain either the result or a permutation
with a more restrited ombinatoris.
Using this proedure, it is easy to prove that either there is a permutation 
1
in the
lass of  for the yli order suh that ^
1
is irreduible or the ombinatori of  is given
by one of the two following type of permutation (up to a permutation of lines)

0 A C 1
0 B D 2

and

0 A C 1 3
0 B D 3 2

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Obviously, if the two sets C and D are non-empty, we an repeat this algorithm to obtain
either a permutation in the lass of  for whih the Proposition holds or a permutation
with a very restrited ombinatoris. Namely, the following Lemma holds
Lemma. Let  be a generalized permutation whih satisfy assumptions of Proposition 24.
Then either  is equivalent to 
1
and 
1
satisfy to Proposition 24 or the ombinatoris
of  is given by one of the four following type of permutations

0 A 1
0 B 2
 
0 A 3 1
0 B 3 2
 
0 A 3 1
0 B 2 3
 
0 A 4 3 1
0 B 4 2 3


In order to prove Proposition 24, it remains to onsider these four type of permutations
above. We will onsider only the seond ase. The others are similar and it is an easy
exerise.
The main idea is to desribe the struture of the sets A et B. For the next of the
proof, we will use the same notations not to have too many variables. Namely, we use the
notation A;B;C;D to desribe the sets A;B.
Let us denote A = (A
1
1 A
2
) and B = (B
1
2 B
2
). Not to have two many notations,
we delare that A stands for A
1
, B stands for B
1
and C stands for A
2
, D stands for B
2
.
Lemma 12. Let  be a generalized permutation of the following form

0 A 1 C 3 1
0 B 2 D 3 2

Let us suppose that #A+#C  3.
Then   
1
and the generalized permutation ^
1
is irreduible.
Proof of Lemma 12. By assumption on the minimality of the deomposition, we have one
of the two sets C and D whih is non-empty; else (A) = B whih ontradits the fat on
the minimal invariant set.
Up to a permutation of the lines, we an assume that C 6= ;. Let us onsider C = (C
1
4)
with (4) 2 B [D. For the next of the proof we will forget the index 1; that is C stand
for C
1
to simplify the notations.
We will onsider the two following ases: the ase where (4) 2 B and the ase where
(4) 2 D.
Case 1. For the rst one, we denote the two sets B
1
and B
2
by B = (B
1
4 B
2
). Thus the
permutation  is equivalent to the following one
  
1
=

4 3 1 0 A 1 C
4 B
2
2 D 3 2 0 B
1

Obviously, the permutation ^
1
is reduible if we have B
2
= D = ;. On the other hand,
if one of the two sets B
2
or D is non-empty, the permutation ^
1
an be reduible but the
orresponding deomposition is of type (1) and so the Lemma holds. For the ase where
B
2
= D = ;, one an see that  is equal to
 =

0 A 1 C 4 3 1
0 B 4 2 3 2

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(B stands for B
1
).
Assumptions on  implies that #B  2. So we an write B = (B
1
5) with (5) 2 A[C.
If (5) 2 C then we deompose the set C by C = (C
1
5 C
2
). Obviously, C
2
6= ;: we do
not onsider surfaes with marked points. Thus, using the same remarks as above, by
onsidering the yli order with respet to 5, we obtain the result. If 5 2 A, we obtain
the same onlusion using the fat that C 6= ;: it is a onsequene of the assumption on
the minimality of the invariant set.
Case 2. For the seond ase, reall that we have (4) 2 D. We note D = (D
1
4 D
2
) with
D
2
6= ;. Thus the permutation  is equivalent to the following one
  
2
=

4 3 1 0 A 1 C
4 D
2
3 2 0 B 2 D
1

:
Obviously, the permutation ^
2
is reduible if we have 
2
(D
2
)  A. On the other hand, if
we does not have this ondition, the permutation ^
2
an be reduible but the orresponding
deomposition is of type (1) and so the Lemma holds.
Thus, to nish the proof of this ase and so the Lemma it remain to onsider the ase
where 
2
(D
2
)  A and  is equal to
 =

0 A 1 C 4 3 1
0 B 2 D
1
4 D
2
3 2

:
As above, D
2
is non-empty and so we an write D
2
= (D
2
5) and A = (A
1
5 A
2
). Let 
3
be the generalized permutation in the lass of  for the yli order with respet to the
element 5. By diret omputation, one an see that if ^
3
is reduible, it is of type (1).
This ahieve the proof of Lemma 12.
In order to prove Proposition 24, it remain to prove the three following Lemma. Proof
are analogous to the above so we left them in exerise.
Lemma 13. Let  be a generalized permutation of the form

0 A 1 C 1
0 B 2 D 2

Let us suppose that #A+#C  4. Then   
1
with 
1
holds for Proposition 24.

Lemma 14. Let  be a generalized permutation of the form

0 A 1 C 3 1
0 B 2 D 2 3

Then   
1
with 
1
holds for Proposition 24.

Lemma 15. Let  be a generalized permutation of the form

0 A 1 C 4 3 1
0 B 2 D 4 2 3

Then   
1
with 
1
holds for Proposition 24.
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
Clearly, Proposition 24 follow from the Lemma whih lassify the type of ombinatoris
of  and from Lemma 12, 13, 14 and 15 Thus it ahieve the proof of Proposition 24.
5.2 Connetedness of the minimal stratum
Now we are ready to prove the main statement announed at the beginning of this Chapter;
that is Theorem 7. We rst prove diretly that the stratum Q
g=5
(16), and indutively on
g, we show that the stratum Q(4g   4) for g  5 is also onneted. The step of indution
is given by the previous setion.
5.2.1 Initialization of the indution: genera g = 3; 4; 5
The genus g = 3
First we prove
Lemma 16. The stratum Q(8) is onneted.
Proof of Lemma 16. The proof of this Lemma is just based on a alulus.
Let (S;  ) be a JenkinsStrebel surfae of genus 3, with a unique zero, whih is deomposed
into a unique ylinder for the horizontal foliation. So that, there is a unique onial
singularity on S with a onial angle of 10. We are going to see that there are few
possibilities for the ombinatoris of the gluing for the set of horizontal separatrix loops.
Let us denote by  the orresponding generalized permutation. Obviously, there is two
possibilities for : either the number of elements of Y
1
and Y
2
are the same or it is dierent.
We all the set of generalized permutations whih satisfy the rst ondition the lass S
1
and the set of seond type of permutations the lass S
2
.
Moreover using the fat that [S;  ℄ 2 Q(8), one an see by diret omputation for
permutations in S
1
we have #Y
1
= Y
2
= 5 and for permutations in S
1
we have #Y
1
= 7,
#Y
2
= 4 (up to a permutation of lines).
Now we an identify all permutations in the lass S
1
and S
2
up to the yli order and
a re-labeling of lines. We nd 4 generalized permutations in the lass S
1
and 3 generalized
permutations in the lass S
2
(see the following list whih gives representatives elements)

5 3 5 2 4
1 2 1 3 4
 
5 2 5 3 4 2
1 3 1 4


5 4 5 2 3
1 2 1 3 4
 
3 5 4 2 5 2
1 3 1 4


5 4 5 3 2
1 2 1 3 4
 
5 3 2 5 4 2
1 3 1 4


5 3 5 3 4
1 2 1 2 4

We proeed as in the proof of Proposition 19. At the present time, we have just proved
that there is at most 7 onneted omponents inside the stratum Q(8). Now, we onsider
surfaes S(; 
0
) with  2 S
2
and with an appropriate admissible vetor 
0
equals to

0
= (1; 1; 1; 1; 1; 1; 2; 1; 2; 1)
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We onsider the vertial foliation on all surfaes S = S(; 
0
) for  2 S
2
.
One an that this foliation is ompletely periodi and deomposes the surfae into only
one (horizontal) ylinder. Moreover the orresponding permutation, whih enodes gluing
of the vertial separatrix loop, is ontain (up to a yli order and a hange of lines) in the
lass S
1
. Thus it proves that there is at most 4 onneted omponents inside the stratum
Q(8).
Now let us onsider all surfaes S(; 
1
) with  2 S
1
with the admissible vetor 
1
equals to

1
= (1; 1; 1; 1; 1; 1; 1; 1; 1; 1)
Obviously, these surfaes are arithmetis surfaes: the orresponding orientating double
overing is a ramied overing over the two-torus with only 1 ritial value. We onlude
by the fat that all of these arithmetis surfaes belongs in the same PSL(2;Z) -orbit.
Lemma 16 is proved.
Now we will onsider the two ases orresponding to the strata in genera g = 4 and
g = 5.
The genus g = 4
Proof of Theorem 7 in the ase g = 4. Here we prove that the stratum Q(12), in genus 4,
has at most two omponents. More preisely, using notations of Chapter 3, we show
Q(12) = Q
I
(12) [Q
II
(12)
In Appendix, we give an argument, namely Rauzy Classes, to show that this union is a
disjoint union.
Let C
0
be the unique onneted omponent of the stratum Q(8) (see Lemma 16). Then,
Theorem 8, imply that any omponent C of the stratum Q(12) is of the following form
C = C
0
 s with s = 1; : : : ; 2g = 6
We reall that by denition, Q
I
(12) = C
0
 2 and Q
II
(12) = C
0
 6. Let us denote 
1
the generalized permutation given by Figure 3.7 and 
2
the generalized permutation given
by Figure 3.8. We denote by (S
1
;  
1
) (respetively (S
2
;  
2
)) the suspended at surfaes
over 
1
(respetively 
2
) and the admissible vetor

0
= (1; 1; 1; 1; 1; 1; 1)
With our notations, we have
[S
1
;  
1
℄ 2 Q
I
(12) and [S
2
;  
2
℄ 2 Q
II
(12)
In the next we onsider the yli order on permutations 
1
and 
2
. Our goal is to present
a nie twist on these permutations to obtain a at surfae whih possesses (in the vertial
diretion) a simple ylinder of multipliity 1 with an angle k (k = 1; : : : ; 6).
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First, we onsider the yli order on 
1
with respet to the element 5; that is

1
=

1 2 3 4 2 5 6
1 4 5 7 6 7 3

 
1
0
=

5 6 1 2 3 4 2
5 7 6 7 3 1 4

By diret omputation, we see that S
0
= S(
1
0
; 
0
) possesses (in the vertial diretion) a
simple ylinder of multipliity 1. In addition, this ylinder has angle 4, with respet to
the at metri. In partiular, S
0
and S
1
belongs to the same onneted omponents. In
other terms we have proved that
C
0
 4 = C
0
 2 = Q
I
(12)
In an equivalent way, using the generalized permutation 
2
and the yli order with
respet to the element 5, we show
C
0
 3 = C
0
 6 = Q
II
(12)
To nish the prove, of the Theorem (in the ase g = 4) it remains to onsider the value
1 and 5 of s. Let us onsider the following generalized permutation
 =

1 2 3 4 5 6 5
1 4 7 3 7 2 6

By diret heking, the yli order on  with respet to the element 1 gives rise to a at
surfae with a simple ylinder of multipliity 1 with an angle of 4.
For the yli order with respet to the element 3 we obtain a ylinder with an angle
of .
For the yli order with respet to the element 2 we obtain a ylinder with an angle
of 5.
In others terms
C
0
 4 = C
0
 1 = C
0
 5
whih ahieve the proof of Theorem 7 in the ase g = 4.
The genus g = 5
Proof of Theorem 7 in the ase g = 5. Let C
0
be the unique onneted omponent of the
stratum Q(8) (see Lemma 16). Let C
1
= C
0
 2 2 be a omponent of Q
g=5
(16).
Our goal is to prove that the stratum Q(16) is onneted. Reall that
C
0
 2 = Q
I
(12) and C
0
 6 = Q
II
(12)
Using Theorem 8 we obtain that for any omponent C
0
of the stratum Q(16), there exists
s
0
suh that C
0
= C  s
0
with C equals to one of the two omponents Q
I
(12);Q
II
(12) of
Q(12).
Using the properties of the map  (see Chapter 2), one an easily proved that
C
0
 2 s = C
0
 6 s = C
1
for all s = 1; : : : ; 8
whih will prove Theorem 7 in the ase g = 5.
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5.2.2 Indution on the genus g
Here we prove Theorem 7 in the full generality. The proof is based indutively on the
genus g of the surfaes. We use the main result of the previous setion (see setion 5.1) to
obtain the step of indution. We have shown that we an always nd a surfae, in eah
onneted omponent of the minimal stratum, with a multipliity one simple ylinder.
Then the Theorem follows from properties of the map  (see setion 2.4.2). Now let us
disuss details of the proof.
Proof of Theorem 7 in the ase g  6. Let us x g  6. Let us assume that Theorem 7 is
proved for all genera 5  g
0
< g and let us prove it for the genus g; that is let us prove that
the minimal stratum Q(4g 4) is onneted. Reall that the initialization of the indution
is given by setion 5.2.1.
Now g  1  5 so that the minimal stratum in genus g  1 is onneted by assumption.
Let C
0
= Q(4(g   1)   4) be the onneted omponent of this stratum. We denote by
C
1
 Q(4g   4) the omponent obtained by bubbling a handle on a surfae of C
0
:
C
1
= C
0
 1
By Theorem 8, the map
 : 
0
(Q
g 1
(4g   8)) N ! 
0
(Q
g
(4g   4))
(C; s) 7! C  s := C
0
is onto. But the stratum Q(4(g 1) 4) is onneted and s an be hosen in f1; : : : ; 2g 2g
(up to onsider the omplementary angle). Thus we obtain a surjetive map
 : f1; : : : ; 2g   2g ! 
0
(Q
g
(4g   4))
Our goal is to show C
0
 s = C
1
for any s whih will prove the Theorem.
Always by Theorem 8, there exists r
0
suh that
C
0
= C
0
0
 r
0
with C
0
0
a omponent of the stratum Q(4(g 2) 4) (whih is non-empty beause g 2  3).
Reall that the stratum Q(4(g   1)  4) is onneted so we also have
C
0
0
 r = C
0
for any r (5.1)
Using above equation (5.1) and properties of the map , we onlude that
C
0
 r = C
0
0
 s r = C
0
0
 r  s = C
0
 s for any r; s
Taking r = 1, we obtain the desired relation.
Theorem 7 is proved.
Chapter 6
General Classiation
In this Chapter, we give the omplete desription of the set of onneted omponent of
any stratum inside the moduli spae of quadrati dierentials. This orresponds to Main
Theorem 1 and Main Theorem 2. First of all, we onsider the desription of omponents
in genera higher than 5 whih orresponds to the general ase. Then we desribe the list
of omponent in small genera; that is 1  g  4, where some omponents are missing in
omparison to the general ase and some exeptional omponents appear.
The sheme of the proof is the following. It uses results of Chapter 4 and Chapter 5.
In the general ase (g  5), the minimal stratum Q(4g   4) is non-empty (see [MaSm℄).
We show that any onneted omponent of an arbitrary stratum in genus g is either
hyperellipti or adjaent to the minimal stratum. Then Theorem 6 gives an upper bound
on the number of non-hyperellipti omponent on eah stratum. We onlude using the
omplete desription of the set of hyperellipti omponent (see [La1℄).
In order to proof Main Theorem 2, we essentially follow the same way as above but it is
more tehnial. We onsider several ase depending the multipliities of the singularities.
6.1 Paths inside the moduli spae
In this setion, we desribe preisely the adjaeny of some strata of the moduli spaes. We
show that a non-hyperellipti (or non-irreduible) onneted omponent whih is adjaent
to a hyperellipti onneted omponent or an irreduible onneted omponent is also
adjaent to a non-hyperellipti (or non-irreduible) onneted omponent. For proving
this fat, we give some expliit ontinuous path inside the whole moduli spae by using
expliit permutations.
6.1.1 Case of hyperellipti onneted omponents
Case of two singularities
We have onstrut a surfae in the hyperellipti onneted omponent of the stratum
Q(4k+2; 4(g k) 6) using the permutation 
1
(2k+1; 2(g k) 3) (see Chapter 3). Here
we expliitly present a ontinuous loally deformation of this surfae inside the stratum
Q(k
1
; k
2
; 4(g   k)  6) with k
1
+ k
2
= 4k + 2 and k
1
; k
2
any even integers. We rst prove
a ombinatorial Lemma and then the main statement.
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Lemma 17. Let a be an even integer with 2  a  r + 1. We hoose r = 2k + 1 and
l = 2(g   k)  3. We onsider the half translation surfae (S;  ) given by suspension over
the following generalized permutation

1
(r; l; a) =

0
1
0
3
1 : : : r 0
1
r + 1 : : : r + l
r + l : : : r + 1 0
2
r : : : a 0
3
a  1 : : : 1 0
2

Then
[S;  ℄ 2 Q( a  2; 4k + 4  a; 4(g   k)  3 )
Proof. It is obvious.
Then we have the following
Proposition 25. Let [S;  ℄ 2 Q
hyp
(k; k
0
) be a point (neessarily k = k
0
= 2 modulo 4).
Let k
i
be any even positives integers with k
1
+ k
2
= k. Then there exists a ontinuous path
 : [0; 1℄  ! Q
g
of [0; 1℄ into the whole spae Q
g
with 4g   4 = k + k
0
suh that
 (0) = [S;  ℄
 (t) 2 Q(k
1
; k
2
; k
0
) for all 0 < t < 1.
 (1) 2 Q(k; k
0
)nQ
hyp
(k; k
0
).
Proof. Taking a = k
1
+ 2 and applying Lemma 17, the statement follows.
Case of three singularities
We an prove similar results for hyperellipti strata with three and four singularities by
using expliit representatives elements with orresponding generalized permutations.
6.1.2 Case of irreduible onneted omponents
We prove similar results for irreduible onneted omponents. More preisely, we prove
that if a onneted omponent C, whih is non-hyperellipti and non-irreduible, is adjaent
to the irreduible onneted omponent of the stratum Q( 1; 9) then it is also adjaent to
the minimal stratum. Namely, we have
Proposition 26. Let [S;  ℄ 2 Q
irr
( 1; 9) be a point. Let k
1
; k
2
be any integers with
k
1
2 f 1; 1; 2; 4g and k
1
+ k
2
= 9. Then there exists a ontinuous path  : [0; 1℄  ! Q
g=3
of [0; 1℄ into the whole spae suh that
 (0) = [S;  ℄
 (t) 2 Q( 1; k
1
; k
2
) for all 0 < t < 1.
 (1) 2 Q( 1; 9)nQ
irr
( 1; 9).
Proof. We use expliit generalized permutations as Lemma 17.
We also have an analogous result for stratum Q( 1; 3; 3; 3).
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6.2 Main Theorem 1
Let us x g  5. In this setion, we prove that any non-hyperellipti onneted omponent
in any stratum in Q
g
is adjaent to the minimal stratum. Note that this restrition on the
set of non-hyperellipti onneted omponent is neessary (see Proposition 15).
Proposition 27. Let us x n  2. Let C  Q(k
1
; : : : ; k
n
) be a onneted omponent of
a stratum in genus g  5. We assume that C is not an hyperellipti onneted omponent
(when it has a sense). Then there exists C
0
 Q(4g   4) a onneted omponent suh that
C
0
 C
Now, assuming above Proposition, we are ready to prove our Main result:
Proof of Main Theorem 1. Let Q(k
1
; : : : ; k
n
) be an arbitrary stratum in genus g  5. If
n = 1 then the Main Theorem follows from Theorem 7. So let us assume that n  2.
By Proposition 27, the set of non-hyperellipti omponents of this stratum is adjaent to
the minimal one. Using Theorem 7 and Theorem 6 we onlude that there is at most 1
non-hyperellipti omponent.
Thus any stratum whih have no hyperellipti omponent is onneted and any stratum
whih have a hyperellipti omponent has at most two omponents.
We onlude by the fat that in genera higher than 5, any stratum whih ontains an
hyperellipti omponent is non-onneted (see [La1℄).
Main Theorem 1 is proved.
It remains to obtain the main lassiation result in genera higher than 5 to prove
Proposition 27.
Proof of Proposition 27. We onsider several ases, following the dierent values of n, the
number of singularities. First we prove the Proposition in the partiulars ases n = 2; 3; 4.
Then we prove it in the general ase n  5.
First of all, let us remark that the ase n = 2 is given by Theorem 5.
Then let us onsider the stratum Q(k
1
; k
2
; k
3
). We onsider dierent ases following
the parity of k
i
. Note that the ase of the stratum Q( 1; 1; 4g   2) is also given by
Theorem 5. Let C be a onneted omponent of this stratum.
First, let us assume that (up to a permutation of k
i
) k
2
; k
3
are odd and k
1
even. If C is
non-hyperellipti, Corollary 4 implies that this omponent is adjaent to a omponent of
the stratum Q(k
1
+k
i
; k
j
) with fk
i
; k
j
g = fk
2
; k
3
g. Aording to Theorem 1 this stratum
have not a hyperellipti omponent (k
j
is odd) so Theorem 5 implies that C is adjaent to
the minimal stratum.
Seondly, let us assume that all k
i
are even. We hoose k
1
= maxfk
i
g. Corollary 4
implies that this omponent is adjaent to a omponent of the stratum Q(k
1
+ k
i
; k
j
) with
fk
i
; k
j
g = fk
2
; k
3
g. If this stratum has not a hyperellipti omponent, we have done.
If not then we an assume that C is adjaent to a hyperellipti omponent (if not, we have
also done). Proposition 25 and Proposition 22 show that we an joint this hyperellipti
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omponent to a non-hyperellipti omponent through the omponent C whih onlude the
proof in the ase n = 3.
The proof of Proposition 27 in the ase n = 4 is similar to the previous one.
Now let us prove the Proposition for all n  5. Aording to [La1℄, a stratum
Q(k
1
; : : : ; k
n
) whih ontains an hyperellipti onneted omponent must satisfy n  4.
Thus if we prove the Proposition for n = 5, by transitivity of the property adjaeny, we
have done for all arbitrary values of n > 5.
The proof for n = 5 follows of the main result of Chapter 4. Reall that we have proved
(see Theorem 5) any omponent is either hyperellipti or adjaent to a lower dimensional
stratum.
Let C be a onneted omponent of the stratum Q(k
1
; : : : ; k
5
). We hoose k
1
=
maxfk
i
g. So C is adjaent to a onneted omponent of the stratum
Q(k
1
+ k
i
; k
2
; : : : ;
^
k
i
; : : : ; k
5
) (6.1)
Now, if this stratum has not an hyperellipti onneted omponent, C is adjaent to a
non-hyperellipti onneted omponent and so the result follows from the study of the
ase n = 4. If the stratum (6.1) ontains a hyperellipti onneted omponent then in the
stratum Q(k
1
; : : : ; k
5
), there exists a zero of order k
1
+ k
i
. Reall that k
1
has been dened
by the max of all k
i
thus it implies that k
i
=  1.
Now, using Theorem 4, we onlude that C is adjaent to a onneted omponent of
the stratum
Q(k
1
  1 + k
j
; k
2
; : : : ;
^
k
j
; : : : ; k
5
)
This stratum has no a hyperellipti omponent so C is adjaent to the minimal stratum.
Proposition 27 is proved.
6.3 Main Theorem 2
It remains to prove Main Theorem 2 to establish the omplete lassiation of omponents
of the strata. Here we onsider partiular small values of g. The genus g = 0 is given by
Proposition 2. So we treat ases g = 1; 2; 3; 4. For genera 3 and 4, we prove an analogous
Proposition of the previous setion on the adjaeny of the strata. There is some additional
ondition: some exeptionnal omponents omparing to the general ase.
Proposition 28. Let n be greater or equals 2. Let C  Q(k
1
; : : : ; k
n
) be a onneted
omponent of a stratum in genus g = 3 or 4. We assume that C is not an hyperellipti
omponent neither one of the three omponents given by the list
Q
irr
( 1; 9) Q
irr
( 1; 3; 6) Q
irr
( 1; 3; 3; 3) in genus g = 3
Then there exists C
0
 Q(4g   4) a onneted omponent suh that
C
0
 C
Note that as above, Main Theorem 2 in genera 3 and 4 follows from above Proposition.
There is some additional ases to disuss providing to the fat that Q(12) is not onneted.
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Proof of Proposition 28. The proof is similar to the proof of Proposition 27. Partiulars
ases follow from Proposition 26.
Proof of Main Theorem 2. The proof in the ase g = 3; 4 is given by Proposition 28. Here
we just onsider the two last ases, that is genus 1 and genus 2.
In genus 1, the projetion of a Teihmüller dis of a point in the moduli spae of urves
is the whole spae H
2
=PSL(2;Z). Thus it is suient to prove that the stratiation
given by the type of singularities on the set of meromorphi quadratis dierentials on a
partiular surfae is onneted. For instane, one an onsider the standard torus C =Z
2
.
Obviously, the spae of meromorphi quadratis dierentials on the two torus is one-to-one
with the spae of doubly periodi meromorphi funtions on the omplex plane (doubly
periodi with respet to the lattie Z
2
). It is a lassial result that the stratiation given
by the type of singularities produes onneted strata.
The minimal stratum in genus 2 does not exist; that is all quadrati dierential on
a urve of genus 2 with a single zero is automatially the global square of an Abelian
dierential. Nevertheless, we an prove a result analogous to Proposition 27: any onneted
omponents of any stratum of the moduli spae Q
g=2
dierent from
Q
hyp
( 1; 1; 6) and Q
hyp
( 1; 1; 3; 3)
is adjaent to one of the two following strata
Q( 1; 5) or Q(2; 2)
There is nitely many ases to onsider. Using results on loal onnetedness and ex-
pliit paths between the strata (see Chapter 4), we an prove that all strata whih are
adjaent to one of the two above omponents are onneted. In [La1℄, we prove that
that Q( 1; 1; 6) and Q( 1; 1; 3; 3) are not onneted thus it follows that they possess
preisely two omponents. Main Theorem 2 is proved.
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Chapter 7
Appendix
7.1 Spin Struture
The invariant, that lassies non-hyperellipti onneted omponents of the moduli spaes
of Abelian dierentials with presribed singularities, is the parity of the spin struture
(see [KoZo℄). We show that in the ase of quadrati dierentials the spin struture is
onstant on every stratum where it is dened. This disproves a onjeture of Kontsevih
Zorih that it lassies the non-hyperellipti onneted omponents of the moduli spaes of
quadrati dierentials with presribed singularities. Moreover we give an expliit formula
for the parity of the spin struture.
7.1.1 Spin Struture Dened by an Abelian Dierential
We remind rst the algebrai-geometri denition of the spin struture given by an Abelian
dierential, see M. Atiyah [At℄; see also [KoZo℄; see D. Johnson [Jo℄ for a topologial
denition.
Let ! be a 1-form with only even singularities. There are 2
2g
solutions of the equation
2D = K(!) in the divisor group where K(!) is the anonial divisor determined by !. A
spin struture is the hoie ofD in the Piard group Pi(S) of S. For an Abelian dierential
with only even zeros, one an write
K(!) = 2k
1
P
1
+   + 2k
n
P
n
With these notation, we delare that the spin struture dened by the form ! on the
omplex urve S is just the divisor D = k
1
P
1
+    + k
n
P
n
. Thus a point [S; !℄ gives
anonially a spin struture.
7.1.2 Parity of a spin struture
The dimension of the linear spae jDj may have quite dierent values for dierent hoie
of D. For example, in genus 1, the dimension of the spae given by the three solutions
dierent from 0 have non-zero dimension. We delare that the dimension modulo 2 of this
linear spae is the parity of the spin struture D and we denote it by (D). On a urve
of genus g  1, M. Atiyah [At℄ proved that there are 2
g 1
(2
g
+ 1) odd struture spin and
2
2g
  2
g 1
(2
g
+ 1) even struture spin.
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7.1.3 Spin struture on a deformed urve
Aording the result of M. Atiyah [At℄ and D. Mumford [Mu℄, the dimension of the linear
spae jD(!)j modulo 2 is invariant under ontinuous deformations of the Abelian dier-
ential ! inside the orresponding stratum, and hene, it is onstant for every onneted
omponent of any stratum, where it is dened.
7.1.4 Spin Struture Dened by a Quadrati Dierential
Let ^ :
^
S ! S be the orientating overing. We denote by !^
2
= ^

 the pull-bak. The
parity of spin struture of  is the parity of the spin struture determined by !
( )
Def
:= (!^)
One an see that the parity of the spin-struture is well dened.
Aording to these notations, we have
Main Theorem 4. Let  be a meromorphi quadrati dierential on a Riemann surfae
S with singularity pattern Q(k
1
; : : : ; k
l
). Let n
+1
be the number of zeros of  of degrees
k
i
= 1 mod4, let n
 1
be the number of zeros of  of degrees k
j
= 3 mod4, and suppose
that the degrees of all the remaining zeros satisfy k
r
= 0 mod4.
Then the parity of the spin struture dened by  is given by
( ) =
"
jn
+1
  n
 1
j
4
#
mod2
where square brakets denote the integer part.
Proof of 4. See [La2℄.
7.2 Suspension over an interval exhange map
7.2.1 Zippered retangles (After Veeh)
Having an interval exhange transformation T : I ! I one an suspend a at surfae S
endowed with an Abelian dierential ! over T . Here we present the idea of suh suspen-
sion; one an nd all the details in the paper of W.A.Veeh [V1℄. See also a nie Figure
of this onstrution in [KoZo℄.
Plae the interval I horizontally in the plane C . Plae a retangle R
i
over eah subinter-
val I
i
 I; the retangle R
i
has the width 
i
= jI
i
j and some altitude h
i
. Later on we shall
pose some restritions on the altitudes. Glue the top horizontal side of retangle R
i
to the
interval T (I
i
) at the base. There are still no identiations between the vertial sides of the
retangles, so we get a Riemann surfae with several holes; eah boundary omponent is a
union of the vertial sides of the retangles. Now start zipping the holes. If the altitudes
h
i
of the retangles, and the altitudes a
i
till whih we zipper the retangles obey some
linear equations and inequalities (see [V1℄), then we manage to eliminate all the holes. The
Riemann surfae thus onstruted has natural at struture with one-type singularities;
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the omplex struture, oming from the initial omplex struture on the plane C , extends
to the onial points. The Abelian dierential ! is loally represented as dz, where z is
the standard oordinate in C .
As we already mentioned the altitudes h
i
, and a
i
obey some linear relations; it is
proved in [V1℄ that the family of solutions is always nonempty. This family has dimension
m = 2g + k   1 = dimH
1
(S
g
; fzeroes of !g), whih oinides with the number m of
subintervals under exhange,  2 S
m
.
7.2.2 Seond onstrution (After Masur)
Here we present a nie onstrution, due to Masur (see [Ma1℄), analogous to the previous
one. Having an interval exhange transformation T : I ! I one an suspend at surfae
S endowed with an Abelian dierential ! over T .
Reall that an irreduible permutation  is a permutation of the set f1; : : : ; ng suh
that
(f1; : : : ; kg) 6= f1; : : : ; kg for all k < n
Obviously, this ondition is equivalent to
Lemma. The permutation  is irreduible if and only if
k
X
i=1
((i)  i) > 0 for all 1  k < n (7.1)
Let T be an interval exhange transformation on the segment I = (0; 1) with orre-
sponding parameters (; ). Let us assume that  is irreduible and
P

i
= 1. We onsider
the 2n gon in R
2
given by its vertex (the segment I is loated on the horizontal axe)
(0; 0)
 
k
X
i=1

i
;
k
X
i=1
((i)   i)
!
(1; 0)
and
 
k
X
i=1

i
;
k
X
i=1
(
 1
(i)  i)
!
Aording to formula (7.1), the polygon is well dened. We denote it by P (; ). Thus we
have the following obvious
Lemma. The opposite edges of the polygon P (; ) are parallel and of equal lengths.
We an glue by translation all edges to obtain a Riemann surfae S endowed with an
Abelian dierential ! = dz. The singularities are loated at the verties of the polygon.
One an see that the rst return map of the vertial ow of ! on the interval (0; 1) on S
gives the initial transformation T .
Remark 9. This onstrution has been redisovered by Veeh in the hyperellipti ase.
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7.3 Rauzy lasses
In this setion, using ombinatoris, namely, Rauzy lasses, we present some partiulars
non-onneted strata (see [Zo1℄ and [Zo2℄ for details). These strata are preisely those
exeptional strata whih are non-onneted and whih do not possess an hyperellitpi
omponent. Permutations given in this setion are dierent from permutations presents
in Chapter 2. Permutations in Chapter 2 enode the gluing of the horizontal sides of a
straight metri ylinder. In this setion, all permutations are onsidered as the oding of
the rst return map of the minimal vertial foliation on a transversal. In our ases, our
foliation is not oriented, thus we must pass to the double overing to obtain a notion of
ow. The main result of this setion is to prove
Proposition. The four following strata
in genus 3 : Q( 1; 9) Q( 1; 3; 6) Q( 1; 3; 3; 3)
in genus 4 : Q(12)
are not onneted.
Proof of the Proposition. The proof used ombinatoris on Rauzy lasses. For eah above
stratum, we onsider a at surfae. The rst return map on an interval inside this
partiular surfae produes an linear involution, parametrized by a olletion of intervals
and a generalized permutation (see [DaNo℄). We denote this permutation by 
1
. Then
we ompute the extend Rauzy lass R(
1
) orresponding to 
1
and we give an expliit
element 
2
suh that 
2
62 R(
1
) and an expliit surfae in the same initial stratum suh
that the rst return map on a transversal gives an linear involution, parametrized by the
permutation 
2
.
For instane, we treat the last ase: the stratum Q(12). The us onsider the two
following permutations

1
=

8 4 1 6 3 7 2 6
7 5 1 3 5 8 2 4


2
=

8 4 1 6 3 2 6 7
7 5 1 3 5 2 4 8

Using an analogous onstrution of Veeh, namely Zippered Retangles, (see setion 7.2),
we an hek that at surfaes (S
1
;  
1
) and (S
2
;  
2
) given by suspension over these two
permutations are at surfaes inside the stratum Q(12). Moreover we an hoose the
length of the orresponding horizontal intervals to be 1 to obtain surfaes with a vertial
simple ylinder of multipliity 1. By diret omputation of angle of this ylinder, we obtain
(aording to the notation of Chapter 3)
[S
1
;  
1
℄ 2 Q
I
(12) and [S
2
;  
2
℄ 2 Q
II
(12)
By diret omputation of the orresponding Rauzy lasses, one an see that

2
62 R(
1
)
In partiular, this prove that Q
I
(12) and Q
II
(12) are two disjoint onneted omponents
of the stratum Q(12).
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We an prove the same fat for speials strata in genus 3. For example, for the stratum
Q( 1; 9) we onsider the two permutations

3
=

2 6 5 4 7 7 3
1 6 3 4 2 5 1


4
=

7 2 4 5 1 5 6
7 3 3 4 1 2 7

We an hek that the seond permutation give rise surfaes inside the irreduible onneted
omponent Q( 1; 9)
irr
of the stratum Q( 1; 9) (the vertial foliation give rise to a simple
ylinder with an angle of 6).
Stratum Irreduible omponent Non-irreduible omponent
Q( 1; 9)

7 2 4 5 1 5 6
6 3 3 4 1 2 7
 
2 6 5 4 7 7 3
1 6 3 4 2 5 1

Q( 1; 3; 6)

1 1 2 3 2 3 4 5
4 6 5 6 7 8 7 8
 
1 2 2 3 4 3 4 5
6 1 7 8 6 7 5 8

Q( 1; 3; 3; 3)

1 1 2 3 4 5 6 7 6
7 8 5 8 2 4 9 3 9
 
1 1 2 3 2 3 4 5 6
4 7 8 9 7 8 6 5 9

Q(12)

8 4 1 6 3 7 2 6
7 5 1 3 5 8 2 4
 
8 4 1 6 3 2 6 7
7 5 1 3 5 2 4 8

Table 7.1: Speial strata.
In the tabular 7.1 we have present generalized permutations (in terms of Rauzy) whih
produes surfaes in the speial stratum. For eah stratum, one an hek that the Rauzy
lasses are disjoint, whih prove the Proposition.
7.4 Examples of measured foliations on surfaes
7.4.1 An Example of arithmeti surfaes
[Private ommuniation with M.Shmoll℄
For this setion, we refer to [S2℄. Let us onsider the standard 2 torus S = C =Z
2
.
We also onsider the following set P of points inside S
(0; 0) (1=2; 1=2) (1=2; 0) (0; 1=2)
The Veeh group of S is SL(2;Z). Obviously, the set P is preserved by the Dehn-Twist
and by the rotation thus the Veeh group of the at surfae with marked points (S; P ) is
still SL(2;Z). In the vertial diretion, the surfae deompose into two ylinders, thus also
in all periodi diretion (there is only 1 usp for the Teihmüller dis). One an onsider
a ramied overing
 : S
1
 ! S
of arbitrary degree suh that the set onsisting of ritial values is equal to the set P .
Then the at surfae (S
1
; ! = 

dz) is a translation surfae with no marked points. By
onstrution it is an arithmeti surfae. One an hek that in all periodi diretion, there
is a deomposition into at least two straight ylinders (In any diretion the number of
ylinders on S
1
is at least the number of ylinders on S in the same diretion).
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7.4.2 Measured foliations and transverse measured foliations
In this setion, we present an example of a measured foliation, on a surfae of genus 2,
with four simple zeroes whih does not admits a transverse measured foliation. Note that
this example does not enter in our ontext (see [HuMa℄).
PSfrag replaements
P
1
P
2
P
3
P
4

1

2

3

4

5

6
(S;F)
Figure 7.1: A measured foliation F on a Riemann surfae of genus 2. This foliation has
four simple zeros: at eah singularities P
i
, there are three emanating saddle onnetions.
The measured foliation given in Figure 7.1 does not admits a transverse measured
foliation.
Proof. Let us assume that there is a transverse measured foliation F
0
to F . Then there
exist also a transverse measure for F
0
; that is a measure dene on leaves of F . We denote
by l
i
the length of the saddle onnetions 
i
with respet to this measure. In the diretion
of F , the surfae deompose into two metri ylinders. In omparing the perimeter of eah
ylinders, we obtain
l
1
+ l
6
= l
1
+ l
2
+ l
3
+ l
4
for the rst ylinder
l
4
+ l
5
= l
2
+ l
3
+ l
5
+ l
6
for the seond ylinder
We onlude that l
2
= l
3
= 0 whih leads to a ontradition (the length of a leaf is stritly
positive).
Note that the measured foliation F
1
obtained by ollapsing the two saddle onnetions

2
; 
3
to a point possesses two zeroes of order 2. Obviously there exist a transverse foliation
to F
1
. Thus it determines a point inside the stratum H(1; 1).
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